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Abstract

The electromomentum coupling is a macroscopic interaction between momentum density and
electric field in piezoelectric composites, absent from the response of their constituents. Existing
works have focused mainly on its analysis scalar mechanical settings. Here, we develop and apply
homogenization scheme for the vectorial settings of in-plane motions of periodic composites, where
two wave polarizations coexist. The method defines macroscopic fields by ensemble averaging and uses
driving sources to obtain a unique effective model for arbitrary frequency and wavevector excitations.

Numerical examples for composites with circular and circular-sector fibers show that the homoge-
nized model recovers the Bloch dispersion of the underlying microstructure while satisfying physical
restrictions, whereas equivalent models that suppress electromomentum coupling may violate these
restrictions. The structure of the effective properties distinguishes mesoscale effects, present even
for axisymmetric cells at finite wavelengths, from symmetry-breaking contributions that persist in the
local response of asymmetric cells. Time-domain scattering simulations further demonstrate that the
local effective medium reproduces the macroscopic reflected and transmitted response of the under-
lying composite for the excitations considered. These results advance the modeling and analysis of
electromomentum metamaterials, towards their integration in future wave-control applications.

Keywords: Dynamic homogenization, Willis coupling, Electromomentum coupling, Composites,
Piezoelectricity, Bloch Waves

1 Introduction

Metamaterials are architectured composites with effective properties that fundamentally differ from the
properties of their constituents [1, 2]. Of particular interest are metamaterials for mechanical wave
manipulation, finding applications in noise reduction, cloaking, anomalous energy energy transport, and
sensing [3–11].

Homogenization theories provide a route to determine the effective properties of composites in terms
of their composition [12], usually using some scale separation assumptions and asymptotic expansions
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[13–16]. In a series of works, Willis [17–22] pioneered a different paradigm that is free from these
approximations, with which he uncovered several counterintuitive wave phenomena. Most notably, Willis
showed that the effective stress may depend on the velocity and that the effective momentum may depend
on the strain, a dependency that is nonlocal in space in time. These now termed Willis couplings capture
additional degrees of freedom for shaping waves [23–27], and are essential for obtaining a physical
homogenized description [28–30].

Pernas-Salomón and Shmuel recognized how to generalize Willis’ framework to piezoelectric com-
posites, and by doing so theoretically discovered effective cross-couplings of Willis-type between the
momentum and electric field; and between the electric displacement and velocity [31]. Subsequently,
Shmuel’s group and collaborators derived elementary bounds and constraints on the effective properties
of materials with such electromomentum couplings [32]; developed a retrieval-based homogenization
method [33]; computed the electromomentum tensor of fiber composites at antiplane motion [34]; devel-
oped discrete models [35], and maximized the coupling based on topology optimization [36].

The theoretical discovery of the electromomentum coupling has opened fundamental questions and
applicational opportunities, motivating efforts to explore both. These efforts include developments
of alternative dedicated homogenization and retrieval methods [37–42], bounds [37, 43], optimization
[42, 44], studies of resultant anomalous scattering [37, 45–47] and other discrete models [48, 49].

Notwithstanding this recent surge of interest, studies have been mostly limited to one-dimensional
media. The only explicit problems that were addressed so far beyond one-dimension where of scalar
fields (antiplane shear and pressure fields) in two-dimensional media [34, 37], and an optimization-
oriented study of in-plane waves [42]. In the latter, the authors used a finite-element implementation
of the homogenization formula that was derived by Pernas-Salomón and Shmuel [31]. Many aspects of
in-plane homogenization features, such as Bloch-dispersion recovery, off-dispersion evaluations, physical
admissibility and local approximations, were unexplored and are the objective of this work.

Here, we integrate the key ideas of Willis [20], and in turn Pernas-Salomón and Shmuel [31] (see
also the thermal analogue derived by Shmuel and Willis [50, 51]), with a plane-wave expansion approach
[52–55] to derive the in-plane effective properties of periodic piezoelectric fiber composites. Specifically,
we define the effective fields using ensemble averaging [20, 56], which for periodic media reduces to
averaging the periodic parts of Bloch–Floquet waves over the unit cell [20, 31, 57]. In addition, Our
source-driven approach [29, 39, 58, 59] includes impressed eigenstrain, body force and charge densities
so that the effective variables are independent and the effective constitutive operator is uniquely defined
[20, 31, 32, 60]. We then employ the Bloch-Floquet theorem and expand the periodic part of the
microscopic fields in Fourier series to form an algebraic set of equations. Finally, we manipulate the
resultant set to extract the effective operator from the relation between the zero Fourier coefficients of
the kinetic and kinematic fields. Conceptually, we mirror the formulation of Muhafra et al. [34]; the
essential difference is that the displacement is no longer a scalar field, but instead consists of two coupled
components that give rise to two wave polarizations.

We apply our homogenization method for composites that are made of PMMA and PZT–4 phases.
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We consider two representative unit cells: one with a circular inclusion and one with a circular-sector
inclusion, allowing us to distinguish between features originating from broken symmetries than those
from nonlocal effects. The numerical study contains several elements. First, we demonstrate that the
homogenized model recovers the Bloch dispersion of the underlying composites. Second, we show that
the effective tensors satisfy the reciprocity, energy conservation, and causality restrictions expected of a
conservative reciprocal composite, and illustrate how source-free equivalent descriptions that suppress
electromomentum coupling may violate these restrictions. Third, we exemplify the ability of the scheme
to produce local effective models and to homogenize the response at prescribed frequency–wavevector
pairs away from the dispersion surfaces. By comparing circular and circular-sector fibers, we distinguish
mesoscale effects, which appear beyond the long-wavelength limit even for axisymmetric cells, from
symmetry-breaking contributions that persist in the local response of asymmetric cells. Finally, we
test the local effective medium in long-wavelength scattering simulations, showing that it captures the
macroscopic reflected and transmitted response of the underlying composite for the excitations considered.

The paper is organized as follows. Section 2 formulates the in-plane piezoelectric fiber composite
problem, including the governing equations, source terms, and constitutive structure. Section 3 intro-
duces the ensemble-averaged effective fields and develops the source-driven plane-wave homogenization
scheme, leading to the effective relations with Willis and electromomentum cross-couplings. Section 4
presents the numerical analysis: recovery of the Bloch dispersion, verification of reciprocity and energy
conservation identities, comparison with equivalent models that suppress electromomentum coupling,
evaluation of local and off-dispersion effective properties, and a long-wavelength half-space scattering
validation. Section 5 summarizes the main conclusions and outlines directions for extension to three-
dimensional and structural electromomentum models.

2 Problem statement

We consider an infinite periodic composite made of piezoelectric fibers embedded in a different piezo-
electric matrix. A Cartesian coordinate system is chosen such that the fibers are aligned with the 𝑥3-axis,
while the fields vary in the (𝑥1, 𝑥2)-plane. The composite is driven by time-harmonic sources of the form

𝑠(𝑥1, 𝑥2, 𝑡) = 𝑠0 𝑒
𝑖(κ·x−𝜔𝑡) , 𝑠 = 𝜂11, 𝜂22, 𝜂12, 𝑓1, 𝑓2, 𝑞, (1)

where x has the components 𝑥1 and 𝑥2, 𝑠0 is a constant amplitude, 𝜔 is the angular frequency, and κ is the
in-plane wavevector, and η, f, and 𝑞 denote impressed eigenstrain, body-force density, and free-charge
density, respectively. These sources generate in-plane motion u with components 𝑢1 and 𝑢2, governed by

∇ · σ + f = ¤p, ∇ · D = 𝑞, ∇ × E = 0, (2)
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where σ is the Cauchy stress, p is the momentum density, D is the electric displacement, and E is the
electric field. The last equation is satisfied identically by introducing an electric potential 𝜙, such that
E = −∇𝜙. The local constitutive relations then read

©­­«
σ

D
p

ª®®¬ =
©­­«

C BT 0
B −A 0
0 0 𝜌

ª®®¬
©­­«
∇su − η

∇𝜙
¤u

ª®®¬ , (3)

where 𝜌, A, B, and C are the mass density, dielectric tensor, piezoelectric tensor, and elasticity tensor,
respectively. These properties are piecewise constant in the matrix and fiber phases and periodic over the
unit cell. The objective is to determine the constitutive relations between the corresponding macroscopic
or effective fields, in some appropriate sense.

3 Dynamic in-plane homogenization method

We follow Refs. [20, 31, 59] and define the macroscopic fields by ensemble averaging. For periodic
media, this definition reduces to averaging the periodic part of the Bloch–Floquet field over the unit cell.
Specifically, if

𝜁 (x, 𝑡) = 𝜁 (x) 𝑒 𝑖(κ·x−𝜔𝑡) , 𝜁 is Ω-periodic, (4)

then
⟨𝜁⟩(x, 𝑡) = 𝜁 𝑒 𝑖(κ·x−𝜔𝑡) , 𝜁 = |Ω|−1

∫
Ω

𝜁 (x) dx. (5)

This definition filters out the fast periodic oscillations and yields effective fields that satisfy the macroscopic
balance equations exactly [21, 60]. The homogenization objective is therefore to determine the relation
between the averaged kinetic vector ⟨h⟩ and the averaged kinematic vector ⟨g⟩, where

g := Jw − m. (6)

To this end, we first write Eq. (3) in the form

h = L(x)
(
Jw − m

)
, (7)
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where

h :=

©­­­­­­­­­­­­«

𝜎11

𝜎22

𝜎12

𝐷1

𝐷2

𝑝1

𝑝2

ª®®®®®®®®®®®®¬
, w :=

©­­«
𝑢1

𝑢2

𝜙

ª®®¬ , m :=

©­­­­­­­­­­­­«

𝜂11

𝜂22

𝜂12

0
0
0
0

ª®®®®®®®®®®®®¬
, (8)

and

Jw :=

©­­­­­­­­­­­­«

𝑢1,1

𝑢2,2

𝑢1,2 + 𝑢2,1

𝜙,1

𝜙,2

−𝑖𝜔𝑢1

−𝑖𝜔𝑢2

ª®®®®®®®®®®®®¬
, L(x) :=

©­­«
C(x) BT(x) 03×2

B(x) −A(x) 02×2

02×3 02×2 𝜌(x)I2

ª®®¬ . (9)

Here the assumed time-harmonic dependence has been used to replace time differentiation by multipli-
cation by −𝑖𝜔. We substitute the Bloch–Floquet form into Eq. (7) and expand the periodic functions in
Fourier series,

𝜁 (x) =
∑︁

G
𝜁G 𝑒

𝑖G·x, 𝜁G := |Ω|−1
∫
Ω

𝜁 (x) 𝑒−𝑖G·x dx, (10)

where {G} is the infinite set of reciprocal in-plane lattice vectors. Projection of the resulting Fourier
series onto the harmonic 𝑒𝑖G·x gives

©­­­­­­­­­­­­«

𝜎̆11,G

𝜎̆22,G

𝜎̆12,G

𝐷̆1,G

𝐷̆2,G

𝑝1,G

𝑝2,G

ª®®®®®®®®®®®®¬
=

∑︁
G′

L̆GG′

©­­­­­­­­­­­­«

𝑖(𝜅1 + 𝐺′
1) 𝑢̆1,G′ − 𝜂11,G′

𝑖(𝜅2 + 𝐺′
2) 𝑢̆2,G′ − 𝜂22,G′

𝑖(𝜅2 + 𝐺′
2) 𝑢̆1,G′ + 𝑖(𝜅1 + 𝐺′

1) 𝑢̆2,G′ − 𝜂12,G′

𝑖(𝜅1 + 𝐺′
1) 𝜙G′

𝑖(𝜅2 + 𝐺′
2) 𝜙G′

−𝑖𝜔 𝑢̆1,G′

−𝑖𝜔 𝑢̆2,G′

ª®®®®®®®®®®®®¬
, (11)

where L̆GG′ denotes the Fourier coefficient of L(x) associated with the basis function 𝑒 𝑖(G−G′)·x, or
equivalently L̆GG′ = L̆G−G′ . This convolution form follows from the orthogonality of the Fourier functions:
after multiplication by 𝑒−𝑖G·x and integration over the unit cell, only combinations of material and field
harmonics whose sum equals the projected reciprocal vector remain.
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Eq. (11) can be written compactly as

h̆G =
∑︁
G′

L̆GG′

(
JG′ w̆G′ − m̆G′

)
, (12)

where

h̆G =

©­­­­­­­­­­­­«

𝜎̆11,G

𝜎̆22,G

𝜎̆12,G

𝐷̆1,G

𝐷̆2,G

𝑝1,G

𝑝2,G

ª®®®®®®®®®®®®¬
, w̆G =

©­­«
𝑢̆1,G

𝑢̆2,G

𝜙G

ª®®¬ , m̆G =

©­­­­­­­­­­­­«

𝜂11,G

𝜂22,G

𝜂12,G

0
0
0
0

ª®®®®®®®®®®®®¬
, (13)

and

JG :=

©­­­­­­­­­­­­«

𝑖(𝜅1 + 𝐺1) 0 0
0 𝑖(𝜅2 + 𝐺2) 0

𝑖(𝜅2 + 𝐺2) 𝑖(𝜅1 + 𝐺1) 0
0 0 𝑖(𝜅1 + 𝐺1)
0 0 𝑖(𝜅2 + 𝐺2)

−𝑖𝜔 0 0
0 −𝑖𝜔 0

ª®®®®®®®®®®®®¬
. (14)

Having obtained a useful Fourier representation of the constitutive equations, we proceed to rewrite
the governing in-plane equations in the same form. These equations are

𝜎11,1(x, 𝑡) + 𝜎12,2(x, 𝑡) + 𝑓1(x, 𝑡) = −𝑖𝜔 𝑝1(x, 𝑡), (15a)

𝜎12,1(x, 𝑡) + 𝜎22,2(x, 𝑡) + 𝑓2(x, 𝑡) = −𝑖𝜔 𝑝2(x, 𝑡), (15b)

𝐷1,1(x, 𝑡) + 𝐷2,2(x, 𝑡) = 𝑞(x, 𝑡). (15c)

Using the Bloch–Floquet form, expanding the periodic parts in Fourier series, and again applying orthog-
onality gives, for each G,

𝑖(𝜅1 + 𝐺1)𝜎̆11,G + 𝑖(𝜅2 + 𝐺2)𝜎̆12,G + 𝑓1,G = −𝑖𝜔 𝑝1,G, (16a)

𝑖(𝜅1 + 𝐺1)𝜎̆12,G + 𝑖(𝜅2 + 𝐺2)𝜎̆22,G + 𝑓2,G = −𝑖𝜔 𝑝2,G, (16b)

𝑖(𝜅1 + 𝐺1)𝐷̆1,G + 𝑖(𝜅2 + 𝐺2)𝐷̆2,G = 𝑞G. (16c)

We write Eq. (16) compactly as
DT

G h̆G = −f̆G, (17)
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where

DG =

©­­­­­­­­­­­­«

𝑖(𝜅1 + 𝐺1) 0 0
0 𝑖(𝜅2 + 𝐺2) 0

𝑖(𝜅2 + 𝐺2) 𝑖(𝜅1 + 𝐺1) 0
0 0 𝑖(𝜅1 + 𝐺1)
0 0 𝑖(𝜅2 + 𝐺2)
𝑖𝜔 0 0
0 𝑖𝜔 0

ª®®®®®®®®®®®®¬
, f̆G =

©­­«
𝑓1,G

𝑓2,G

−𝑞G

ª®®¬ . (18)

Next, we collect the equations corresponding to all reciprocal lattice vectors G and write them as the
single infinite matrix system

DT
𝐴 h𝐴 = −f𝐴, h𝐴 = L𝐴

(
J𝐴w𝐴 − m𝐴

)
. (19)

In the numerical examples below, this infinite-dimensional algebraic system is truncated to a finite number
of plane waves. If the number of retained reciprocal vectors is 𝑁 , then f𝐴 has 3𝑁 components, h𝐴 has 7𝑁
components, D𝐴 and J𝐴 are 7𝑁 × 3𝑁 matrices, L𝐴 is a 7𝑁 × 7𝑁 matrix, w𝐴 has 3𝑁 components, and m𝐴

has 7𝑁 components.
The final stage is to extract the average fields and thereby identify the effective operator. It follows

from Eq. (19) that the zeroth Fourier coefficient of h, which is the amplitude of the effective kinetic field
⟨h⟩, can be written as

h̄ :=

©­­­­­­­­­­­­«

𝜎̄11

𝜎̄22

𝜎̄12

𝐷̄1

𝐷̄2

𝑝1

𝑝2

ª®®®®®®®®®®®®¬
≡

©­­­­­­­­­­­­«

𝜎̆11,0

𝜎̆22,0

𝜎̆12,0

𝐷̆1,0

𝐷̆2,0

𝑝1,0

𝑝2,0

ª®®®®®®®®®®®®¬
= L0

{
J0w̄ − m̄

}
+ L𝑠J𝑠w𝑠, (20)

where subscript 0 denotes blocks associated with G = 0, and subscript 𝑠 denotes the remaining blocks
associated with G ≠ 0. Similarly,

w̄ :=
©­­«
𝑢̄1

𝑢̄2

𝜙

ª®®¬ ≡
©­­«
𝑢̆1,0

𝑢̆2,0

𝜙0

ª®®¬ , m̄ :=

©­­­­­­­­­­­­«

𝜂11

𝜂22

𝜂12

0
0
0
0

ª®®®®®®®®®®®®¬
≡

©­­­­­­­­­­­­«

𝜂11,0

𝜂22,0

𝜂12,0

0
0
0
0

ª®®®®®®®®®®®®¬
. (21)
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To eliminate the fluctuating part w𝑠, we first reorder the assembled unknowns such that the G = 0
terms appear first. Since the prescribed sources in Eq. (1) have constant periodic amplitudes, their Fourier
expansions contain only a G = 0 component. Thus,

w𝐴 =

(
w̄
w𝑠

)
, m𝐴 =

(
m̄
0

)
, f𝐴 =

(
f̄
0

)
. (22)

We then define
Q := DT

𝐴L𝐴J𝐴, b := DT
𝐴L𝐴m𝐴 − f𝐴, (23)

so that Eq. (19) reads
Qw𝐴 = b. (24)

Using the same decomposition for the rows and columns of Q, we obtain(
Q00 Q0𝑠

Q𝑠0 Q𝑠𝑠

) (
w̄
w𝑠

)
=

(
b0

b𝑠

)
. (25)

The second block row gives
Q𝑠𝑠w𝑠 = b𝑠 − Q𝑠0w̄. (26)

Because the sources have only a G = 0 Fourier coefficient,

b𝑠 = (DT
𝐴L𝐴)𝑠0m̄, Q𝑠0w̄ = (DT

𝐴L𝐴)𝑠0J0w̄. (27)

Defining
Q𝑠 := Q𝑠𝑠, T := (DT

𝐴L𝐴)𝑠0, (28)

we obtain
Q𝑠w𝑠 = −T{J0w̄ − m̄}, w𝑠 = −Q−1

𝑠 T{J0w̄ − m̄}. (29)

Substituting Eq. (29) into Eq. (20) gives the effective constitutive relation

h̄ =
(
L0 − L𝑠J𝑠Q−1

𝑠 T
)
{J0w̄ − m̄} =: L̃{J0w̄ − m̄}. (30)

The effective blocks are identified as

L̃ =:
©­­«

C̃ B̃† S̃
B̃ −Ã W̃
S̃† W̃† ρ̃

ª®®¬ , (31)

where S̃ and S̃† are the matrix representations of the Willis couplings, and W̃ and W̃† are the matrix
representations of the electromomentum couplings. Since L̃ depends on 𝜔 and κ, it represents a generally
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nonlocal operator in time and space. The source-driven construction allows this operator to be evaluated
off the dispersion surfaces, because 𝜔 and κ are prescribed independently by the sources.

4 Numerical analysis

We now evaluate the effective operator derived in Sec. 3 for representative piezoelectric fiber composites
and analyze the macroscopic description that it defines. First, we show that the homogenized model
recovers the Bloch dispersion of the underlying composites. Second, we evaluate the effective properties
both on and off the dispersion surfaces, and verify that they satisfy the reciprocity, energy conservation,
and causality restrictions expected of a conservative reciprocal composite. Third, we derive source-
free equivalent descriptions that suppress explicit electromomentum coupling, to show they may fail
in satisfying these restrictions sufficient criterion for physical admissibility. Finally, we test the local
long-wavelength limit of the homogenized medium in a finite-domain time-domain scattering problem.

We consider two square periodic cells of side length 𝑎 = 5 mm. The first contains a centered circular
inclusion of radius 𝑅 = 1.9 mm, i.e., 𝑅/𝑎 = 0.38, and is geometrically inversion symmetric. The second
contains a circular-sector inclusion with the same outer radius, zero inner radius, and angular interval
0◦ ≤ 𝜃 ≤ 45◦, where 𝜃 is measured from the positive 𝑥1-axis. This geometry breaks inversion symmetry
and enables us to distinguish effects associated with dynamic nonlocality from those activated by broken
spatial symmetry. The constituent materials are PMMA for the matrix and PZT–4 for the inclusions. The
PZT–4 poling direction is aligned with the global 𝑥2-axis; equivalently, the local material 3-direction of
PZT–4 is taken parallel to the global 𝑥2-axis. The plane-wave expansion is truncated using 𝐺max = 7 so
that we retain 𝑁𝐺 = (2𝐺max + 1)2 = 225 reciprocal lattice vectors.

The constituent properties are listed in Table 1 in the local material frame. Here and henceforth,
uppercase indices denote Voigt components. Thus, for example, 𝐶1111 is denoted by 𝐶11, a general
component is written as 𝐶𝐼𝐽 , 𝐵𝑖12 is denoted by 𝐵𝑖6 and so on.

4.1 Free waves

We begin with normal modes, namely free Bloch waves in the absence of driving sources (eigenstrain,
body force, and free charge). The source-driven formulation provides the effective operator L̃(𝜔,κ) for
prescribed frequency–wavevector pairs, including pairs that do not satisfy a free-wave condition. To
recover the dispersion relation, we substitute this operator into the source-free ensemble-averaged gov-
erning equations and seek pairs (𝜔,κ) for which nontrivial averaged amplitudes exist. After eliminating
the electric potential, this condition takes the form of a 2× 2 compatibility equation acting on the average
in-plane displacement components 𝑢̄1 and 𝑢̄2,

det Kred
(
𝜔,κ; L̃(𝜔,κ)

)
= 0, (32)
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Table 1: Constituent material data in the local material frame, written in standard Voigt notation. For the
PZT–4 inclusion, the local 3-direction is the poling direction. Only nonzero independent components are
listed; the remaining components follow from the usual minor/major symmetries and material symmetry.

Property PMMA matrix PZT–4 inclusion

Mass density [kg m−3] 1180 7650

Elasticity tensor [GPa] 𝐶11 = 𝐶22 = 𝐶33 = 6.2143 𝐶11 = 𝐶22 = 139, 𝐶33 = 115
𝐶12 = 𝐶13 = 𝐶23 = 4.1429 𝐶12 = 77.8, 𝐶13 = 𝐶23 = 74.3
𝐶44 = 𝐶55 = 𝐶66 = 1.0357 𝐶44 = 𝐶55 = 25.6, 𝐶66 = 30.6

Piezoelectric tensor [C m−2] 0 𝐵31 = 𝐵32 = −5.2, 𝐵33 = 15.1
𝐵15 = 12.7, 𝐵24 = 12.7

Dielectric tensor [F m−1] 𝐴11 = 𝐴22 = 𝐴33 = 2.6562 × 10−11 𝐴11 = 𝐴22 = 6.4501 × 10−9

𝐴33 = 5.6196 × 10−9

x1

x2

a

R

(a)

x1

x2

a

R

45°

(b)

κ1

κ2

2π/a

-X Γ X

M

(c)

Figure 1: Geometry and first Brillouin zone for the in-plane piezoelectric composite: (a) square unit cell
with circular inclusion, (b) square unit cell with circular-sector inclusion, and (c) first Brillouin zone with
the high-symmetry points Γ, X, and M.

where Kred is derived in Appendix A. Although the explicit time-harmonic factors enter this condition
through powers of 𝜔, the coefficient matrices themselves depend on (𝜔,κ) through the nonlocal effective
properties. The dispersion problem is therefore nonlinear in𝜔, rather than a standard quadratic eigenvalue
problem with fixed coefficients, because the effective operator L̃(𝜔,κ) depends on the frequency being
recovered.1 This matrix character is one of the distinguishing features of the in-plane formulation: unlike
the single-polarization antiplane problem, two coupled elastic wave polarizations remain active, and the
free-wave condition must be interpreted as a compatibility condition for the average displacement vector

1In the numerical recovery, each homogenized branch is recovered locally from the corresponding microstructural seed
frequency 𝜔seed. For a prescribed κ, we evaluate L̃ at (𝜔seed,κeff), where κeff = ±κ + G and G is a reciprocal-lattice vector.
With this evaluated operator held fixed, the reduced compatibility condition is solved as a 2 × 2 quadratic eigenvalue problem
in 𝜔. The accepted recovered root is the positive nearly real root closest to 𝜔seed, subject to residual and branch-continuity
checks.
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Figure 2: Bloch dispersion of the circular-inclusion composite along Γ–𝑋–𝑀–Γ. Symbols denote the
spectrum of the underlying microstructure, and solid curves denote the branches recovered from the
homogenized operator.

field.
Fig. 2 presents the first three in-plane Bloch branches of the circular-inclusion composite along the

high-symmetry path Γ–X–M–Γ. The circle marks denote the spectrum computed from the underlying
microstructure, while the solid curves are obtained from the homogenized model through Eq. (32). The two
acoustic branches emanating from Γ correspond to quasi-transverse and quasi-longitudinal polarizations,
while the third branch is the first optical Bloch branch. The normalized frequency is

𝜔̂ =
𝜔𝑎

2𝜋𝑐(𝑚)𝑠

, 𝑐
(𝑚)
𝑠 =

√︃
𝜇(𝑚)/𝜌(𝑚) , (33)

where 𝑐(𝑚)𝑠 is the shear-wave speed in the PMMA matrix and 𝜇(𝑚) = 𝐶
(𝑚)
66 in the adopted isotropic

local-frame constitutive description. The agreement confirms that the source-driven effective operator
recovers the free-wave dispersion of the composite.

Fig. 3 presents selected effective components evaluated on the first recovered branch along the path
-X–Γ–X. Primes and double primes denote real and imaginary parts, respectively. In these computations,
the selected direct couplings ρ̃, Ã, and C̃, together with the natural piezoelectric cross-coupling B̃, satisfy
the reciprocity and energy conservation identities [32]

𝜌̃∗𝑗𝑖 (𝜔,κ) = 𝜌̃𝑖 𝑗 (𝜔,κ) = 𝜌̃ 𝑗𝑖 (𝜔,−κ), 𝐴̃∗𝑗𝑖 (𝜔,κ) = 𝐴̃𝑖 𝑗 (𝜔,κ) = 𝐴̃ 𝑗𝑖 (𝜔,−κ),
𝐵̃∗
𝑖𝐽 (𝜔,κ) = 𝐵̃

†
𝐽𝑖
(𝜔,κ) = 𝐵̃𝑖𝐽 (𝜔,−κ), 𝐶̃∗

𝐽𝐼 (𝜔,κ) = 𝐶̃𝐼𝐽 (𝜔,κ) = 𝐶̃𝐽𝐼 (𝜔,−κ).
(34)

These identities appear in the plots as the expected evenness of diagonal direct components and as the
corresponding wavevector-reversal relation between adjoint pairs.

For the circular inclusion, the Willis and electromomentum couplings vanish at Γ, as expected for
a geometrically inversion-symmetric unit cell in the local limit. Their real parts become nonzero for
κ ≠ 0, reflecting spatially nonlocal, mesoscale phase effects. This interpretation is analogous to the
electromagnetic homogenization results of Alù [59], where weak spatial dispersion at the lattice scale
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Figure 3: Selected real parts of the effective tensors for the circular inclusion, evaluated on the first
recovered branch along −𝑋–Γ–𝑋 . The inversion-symmetric geometry suppresses local Willis and elec-
tromomentum couplings at Γ, while spatial nonlocality permits finite coupling away from the zone center.

produces effective bianisotropic couplings even for centrosymmetric inclusions.
We next repeat the analysis for the circular-sector inclusion. Fig. 4 shows that the homogenized model
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Figure 4: Bloch dispersion of the circular-sector composite along Γ–X–M–Γ. Symbols denote the
spectrum of the underlying microstructure, and solid curves denote the branches recovered from the
homogenized operator.

again recovers the Bloch dispersion of the underlying composite. Figs. 5 and 6 show selected real and
imaginary parts of the effective tensors evaluated on the first recovered branch along -X–Γ–X. The same
reciprocity and losslessness identities are satisfied, but the tensor structure is richer than in the circular
cell. In addition to mesoscale nonlocal contributions away from Γ, the broken inversion symmetry of the
sector cell generates Willis and electromomentum components associated with the local long-wavelength
response. Thus, the two geometries distinguish two mechanisms: spatial nonlocality, which can generate
mesoscale coupling even in an inversion-symmetric cell, and broken inversion symmetry, which generates
additional local coupling components.

4.2 Physical violation of equivalent models

We recall that once the sources and particularly the eigenstrain are removed from the problem statement,
the effective kinematic fields are no longer algebraically independent. This non-uniqueness permits the
construction of source-free equivalent properties, with the electromomentum coupling suppressed, that
reproduce the same dispersion surfaces. However, dispersion matching alone does not establish the phys-
ical admissibility of the homogenized model [29, 34, 61]. In electromagnetic metamaterials, Alù showed
that a source-free equivalent description can reproduce wave quantities such as the dispersion relation
and impedance while absorbing lattice-induced magnetoelectric coupling into effective permittivity and
permeability [59, 61]. Sieck et al. [29] reached a similar conclusion for acoustic Willis media. We
demonstrate next that, in the present in-plane homogenization problem, suppressing the electromomen-
tum coupling may preserve the free-wave dispersion surfaces, only by erroneously lumping its effect
into the direct couplings. The resulting equivalent description may violate the physical restrictions ex-
pected of a reciprocal lossless constitutive model, in agreement with the conclusions reached for the
one-dimensional [33] and antiplane cases [34].

To show this, we start from the electric constitutive relation

⟨D⟩ = B̃ ⟨∇su⟩ − Ã ⟨∇𝜙⟩ + W̃ ⟨ ¤u⟩. (35)
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Figure 5: Selected real parts of the effective tensors for the circular-sector inclusion, evaluated on the
first recovered branch along -X–Γ–X. The broken inversion symmetry enriches the admissible Willis and
electromomentum tensor structure relative to the circular cell.
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Figure 6: Selected imaginary parts of the effective tensors for the circular-sector inclusion, evaluated
on the first recovered branch along -X–Γ–X. The nonzero components reflect the additional symmetry-
allowed coupling structure introduced by the asymmetric unit cell.
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model and for the corresponding equivalent model without explicit electromomentum coupling, evaluated
for the circular-sector inclusion along -X–Γ–X. The equivalent description reproduces the free-wave
relation but generates a dielectric response that violates the lossless reality condition satisfied by the
source-driven effective dielectric tensor.

We then define an equivalent relation in which the explicit electromomentum block is suppressed,

⟨D⟩ = Beq ⟨∇su⟩ − Aeq ⟨∇𝜙⟩, Beq := B̃, (36)

so that
Aeq ⟨∇𝜙⟩ = Ã ⟨∇𝜙⟩ − W̃ ⟨ ¤u⟩, (37)

and in index notation we define

(𝐴eq)𝑖 𝑗 = 𝐴̃𝑖 𝑗 −
(
𝑊̃𝑖1⟨ ¤𝑢1⟩ + 𝑊̃𝑖2⟨ ¤𝑢2⟩

)
⟨𝜙, 𝑗 ⟩

⟨𝜙,1⟩2 + ⟨𝜙,2⟩2 . (38)

Fig. 7 compares the source-driven component 𝐴̃11 with the equivalent component (𝐴eq)11, evaluated for
the circular-sector inclusion along -X–Γ–X. The source-driven component satisfies the lossless reality
condition implied by Eq. (34); By contrast, the equivalent component develops a nonzero imaginary part.
This illustrates why dispersion recovery alone is not a sufficient validation criterion for the physically
admissible homogenized models. This result is consistent with the demonstrations of Pernas-Salomón et
al. [33] and Muhafra et al. [34], who identified equivalent descriptions that recover selected measurable
wave quantities and nevertheless violate conditions required of reciprocal lossless effective descriptions.

4.3 Spatially local effective properties

In the long-wavelength regime, the macroscopic wavelength is large compared with the unit cell size 𝑎, so
that |κ|𝑎 ≪ 1. In this regime, spatial nonlocality is weak and the effective response can be approximated
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by local, frequency-dependent tensors. In the present plane-wave formulation, this local limit is obtained
by evaluating the operator at κ = 0, equivalently by replacing κ + G with G in the Fourier-domain
differential operators. Fig. 8 shows selected components of these local tensors for the circular-sector
inclusion as functions of the normalized frequency. We observe that the direct couplings satisfy the
conditions

𝜕

𝜕𝜔
Re 𝜌̃(𝑖) (𝑖) ≥ 0,

𝜕

𝜕𝜔
Re 𝐴̃(𝑖) (𝑖) ≥ 0,

𝜕

𝜕𝜔
Re 𝐶̃(𝐼) (𝐼) ≤ 0 (no summation), (39)

that follow from passivity together with differentiation of the Kramers–Kronig causality relations [32, 61,
62].

4.4 Homogenization at arbitrary wavevector–frequency pairs

In the source-driven formulation, the driving frequency and wavevector are prescribed independently. The
resulting effective operator can therefore be evaluated at arbitrary frequency–wavevector pairs, including
pairs that do not lie on the dispersion surfaces. To illustrate this capability, we fix the representative
wavevector 𝜅1 = 𝜋/𝑎, 𝜅2 = 0, and compute the effective properties of the circular-sector composite as
functions of 𝜔̂. Figs. 9–10 show the real and imaginary parts,respectively, of selected off-dispersion effec-
tive properties. The separation into real and imaginary plots highlights that the imaginary components are
negligible over the examined frequency range, while the finite Willis and electromomentum components
encode the nonlocal dynamic coupling of the homogenized medium. Compared with the on-branch ef-
fective properties, the apparent resonance locations generally shift, and the coupling tensors may acquire
nonzero imaginary parts even when the standard blocks remain predominantly real. Throughout these
off-dispersion calculations, the reciprocity identities remain satisfied, as expected for composites made of
reciprocal constituents.

4.5 Canonical half-space scattering validation

Interface scattering tests have been used in dynamic homogenization as a quantitative measure of whether
a periodic medium can be replaced by its homogenized counterpart in finite configurations [63–65]. We
therefore conclude our numerical analysis by examining whether the local effective medium reproduces
the scattering response of the underlying composite in a canonical interface scattering problem [65],
simulated using finite elements.

The computational setup excites a narrowband oblique shear wave incident from a homogeneous
PMMA incident medium onto either the circular-sector composite or its corresponding local effective
medium. The comparison is a long-wavelength, center-frequency test of the local homogenized model.

The material region in which the composite is replaced by the effective medium contains two unit-cell
periods in the propagation direction 𝑥1 and five periods in the transverse direction 𝑥2. The full right-side
computational domain is longer because it also contains a propagation buffer, made of the same right-side
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Figure 8: Selected components of the local effective tensors of the circular-sector composite as functions
of the normalized frequency 𝜔̂.
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Ã′ [F
/m

]

×10−11

Ã′
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Figure 9: Selected real parts of the effective tensors of the circular-sector composite at the fixed off-
dispersion wavevector 𝜅1 = 𝜋/𝑎, 𝜅2 = 0, plotted as functions of the normalized frequency 𝜔̂.
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Figure 10: Selected imaginary parts of the effective tensors of the circular-sector composite at the fixed
off-dispersion wavevector 𝜅1 = 𝜋/𝑎, 𝜅2 = 0, plotted as functions of the normalized frequency 𝜔̂.
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Figure 11: Computational layout for the canonical scattering problem.

medium, followed by a graded absorbing region.2 This layout is illustrated in Fig. 11. The effective-
medium calculation uses the same incident medium, buffer, absorber, final time, and monitor positions as
the composite calculation; only the right-side material model is changed.

The incidence angle is imposed by prescribing the transverse wavenumber 𝜅2 = 𝑘
(𝑚)
𝑠 sin 𝜃, where

𝑘
(𝑚)
𝑠 = 2𝜋/𝜆0 is the shear wavenumber in the homogeneous PMMA incident medium at the pulse

center frequency. The finite-element unknowns are Bloch-envelope fields that are periodic in 𝑥2; the
corresponding real physical fields are reconstructed from these envelopes as detailed in Appendix B.
Electrically, the simulations are open-circuit: 𝜙 is the electric-potential envelope, continuity of the
normal electric displacement is enforced weakly across material interfaces, and the external electrical
boundary condition is D · n = 0, where n is the outward unit normal and D is the electric-displacement
envelope.3

The incident wave is applied by a modal impedance source on the left boundary of the homogeneous
PMMA incident medium. For the prescribed 𝜅2, this source injects the incoming shear wave and absorbs
waves reflected back toward the source. The far-right boundary is placed behind the graded absorber, so
outgoing waves are attenuated before reaching the outer mechanical boundary. We simulate three cases.
Case 1 has 𝜃 = 30◦ and 𝜆0 = 20𝑎, where 𝜃 is measured counterclockwise from 𝑥1 and 𝜆0 is the incident
shear wavelength in the PMMA medium, corresponding to 𝜔̂ = 0.05. Case 2 has 𝜃 = 15◦ and 𝜆0 = 20𝑎.
Case 3 has 𝜃 = 30◦ and 𝜆0 = 50𝑎, corresponding to 𝜔̂ = 0.02; for this case, the local effective tensors are
recomputed at 𝜔̂ = 0.02.

We calculate the reflection and transmission coefficients, defined as the energy ratios

𝑅 =
𝐸ref
𝐸inc

, 𝑇 =
𝐸tr,region

𝐸inc
, (40)

where 𝐸inc is the incident energy measured in a homogeneous reference run, 𝐸ref is the reflected energy
returning through the incident medium, and 𝐸tr,region is the energy that has entered the right-side region
by the final time (detailed finite-element energy definitions and diagnostics are given in Appendix B).

2Cases 1 and 2 use 2 + 8 + 10 = 20 periods on the right side: two periods in the material region being compared, eight
additional periods used as a propagation buffer, and ten periods in the graded absorber. Case 3 uses 2 + 12 + 20 = 34 periods
to accommodate the longer pulse.

3One electric-potential degree of freedom is fixed only to remove the constant-potential gauge.
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Table 2: Reflection and transmission coefficient extracted from the Long-wavelength canonical scattering
simulations. Cases 1 and 2 use 𝜆0 = 20𝑎 (𝜔̂ = 0.05), while Case 3 uses 𝜆0 = 50𝑎 (𝜔̂ = 0.02).

Case 𝜃 Model 𝑅 𝑇 𝑅 + 𝑇

Case 1 30◦ Composite 0.0325 0.9393 0.9719
Effective electromomentum medium 0.0316 0.9335 0.9652

Case 2 15◦ Composite 0.0127 0.9598 0.9726
Effective electromomentum medium 0.0126 0.9570 0.9696

Case 3 30◦ Composite 0.0222 0.9657 0.9879
Effective electromomentum medium 0.0224 0.9646 0.9870

Specifically,
𝐸tr,region = 𝐸absorbed,right(𝑡end) + 𝐸stored,right(𝑡end), (41)

where 𝐸absorbed,right is the energy dissipated in the right absorbing layer and 𝐸stored,right is the remaining
kinetic plus internal energy in the right-side computational region. This definition is less sensitive to
cell-scale oscillations in the heterogeneous region than a single transmitted-flux cut. Since the diagnostics
are finite-time measurements, 𝑅 +𝑇 is not forced to equal unity exactly; the deviation is attributed mainly
to residual energy remaining in the computational domain at 𝑡end.

The results in Table 2 show that the homogenized medium reproduces the reflected and transmitted
energies of the underlying composite. In Cases 1 and 2, the reflected coefficients agree closely and the
transmitted energies differ only slightly. The agreement is strongest in Case 3, where the longer wavelength
further suppresses cell-scale scattering. This trend is consistent with the expected improvement of a local
homogenized approximation as the imposed wavelength becomes large relative to the unit cell.

The displacement snapshots are generated from saved finite-element envelope states and show the
real physical displacement projected onto the incident shear wave polarization, as defined in Appendix B.
The flux snapshots show the corresponding cycle-averaged 𝑥1-directed power-flux density used in the
scattering diagnostics.

The displacement snapshots in Figs. 12–14 illustrate the expected distinction between the two descrip-
tions. The composite exhibits local oscillations associated with the PMMA/PZT–4 contrast, whereas the
homogeneous effective medium smooths these oscillations while preserving the macroscopic wavefront,
propagation direction, and energy partition. Accordingly, these snapshots should be interpreted as a
comparison of the macroscopic wave response rather than as a pointwise recovery of the microscopic
fields.

The complementary energy-flux snapshots in Figs. 15–17 visualize the 𝑥1-directed energy transport
used in the scattering diagnostics. These fields are intended as averaged energy-transport indicators.
For the homogeneous effective-medium snapshots, the flux is evaluated from recovered nodal gradients
and then cell-scale averaged to avoid imprinting the microstructure-conforming mesh on an otherwise
homogeneous field; the tabulated values of 𝑅 and 𝑇 , however, are obtained from the unsmoothed monitor-
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t = 98 us
Explicit microstructure

t = 98 us
Effective electromomentum medium

t = 188 us t = 188 us

t = 285 us t = 285 us

Case 1: = 30 , 0 = 20a, = 0.05

Figure 12: Time-domain displacement snapshots for Case 1 in Table 2, with 𝜆0 = 20𝑎, and 𝜃 = 30◦.
The plotted scalar field is the real physical displacement projected onto the incident S-wave polarization.
This signed projection preserves phase and isolates the directly excited shear component, avoiding the
P/S mixing and loss of sign that would occur in a displacement-magnitude plot.

t = 98 us
Explicit microstructure

t = 98 us
Effective electromomentum medium

t = 188 us t = 188 us

t = 285 us t = 285 us

Case 2: = 15 , 0 = 20a, = 0.05

Figure 13: Time-domain displacement snapshots for Case 2 in Table 2, with 𝜆0 = 20𝑎, and 𝜃 = 15◦.
The plotted scalar field is the signed displacement component along the incident S-wave polarization.
This projection preserves the wave phase and makes the explicit and effective shear-polarized wavefronts
directly comparable.
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Figure 14: Time-domain displacement snapshots for Case 3 in Table 2, with 𝜆0 = 50𝑎, 𝜃 = 30◦, and
effective tensors recomputed at 𝜔̂ = 0.02. The plotted scalar field is the signed displacement component
along the incident S-wave polarization. This phase-resolved shear component highlights the longer-
wavelength macroscopic wavefront while avoiding magnitude-only loss of phase.

t = 98 us
Explicit microstructure

t = 98 us
Effective electromomentum medium

t = 188 us t = 188 us

t = 285 us t = 285 us

Case 1 energy flux: = 30 , 0 = 20a, = 0.05

Figure 15: 𝑥1-directed energy-flux-density snapshots for Case 1 in Table 2. The plotted scalar is the
cycle-averaged envelope power-flux density 𝑞1, positive for energy flow toward the transmitted side.
These panels complement the displacement snapshots by showing the energy-transport path integrated
over monitor cuts to obtain the scattering diagnostics.
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t = 98 us
Explicit microstructure

t = 98 us
Effective electromomentum medium

t = 188 us t = 188 us

t = 285 us t = 285 us

Case 2 energy flux: = 15 , 0 = 20a, = 0.05

Figure 16: 𝑥1-directed energy-flux-density snapshots for Case 2 in Table 2. The plotted scalar is the cycle-
averaged envelope power-flux density 𝑞1, positive toward +𝑥1. The flux field shows where the transmitted
energy is carried through the explicit and homogenized regions, while the quantitative comparison is
given by the integrated 𝑅 and 𝑇 values.

Figure 17: 𝑥1-directed energy-flux-density snapshots for Case 3 in Table 2. The plotted scalar is the
cycle-averaged envelope power-flux density 𝑞1, with positive values directed toward the transmitted side.
At the lower normalized frequency, the explicit and effective flux distributions show the same large-scale
energy-transport path.
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flux integration.
This comparison validates the long-wavelength averaged scattering response for the chosen interface

truncation, incidence angles, and narrowband excitations. It should not be interpreted as pointwise
recovery of the local microscopic fields, nor as an interface-independent validation at arbitrary wave-
length. Within the present long-wavelength regime, the local effective medium captures the macroscopic
reflection, transmission, and energy-transport behavior of the explicit sector-inclusion composite.

5 Concluding remarks and outlook

The theoretical discovery of electromomentum coupling established that piezoelectric composites can ex-
hibit macroscopic interactions between electric and dynamic fields that are absent in their constituents [31].
Most subsequent works have investigated this effect in settings where the primary mechanical field is
scalar [33, 34, 36, 38, 41, 42, 44–47, 66], while the tensorial in-plane problem, in which two wave
polarizations coexist, has remained less explored [42]. Here, we developed and applied a source-driven
dynamic homogenization scheme to determine the effective properties of periodic piezoelectric compos-
ites subjected to such in-plane excitations.

The formulation follows the central ideas of Willis’ homogenization theory and its extension to
piezoelectric media by Pernas-Salomón and Shmuel [20, 31]. The macroscopic fields are defined by
ensemble averaging, which reduces in the periodic case to averaging the periodic part of the Bloch fields
over the unit cell. The microscopic problem accounts for driving eigenstrain, body force, and free-charge
sources, so that the effective kinematic fields are independent and the effective operator is uniquely
determined for prescribed driving frequencies and wavevectors, not only on the dispersion surfaces. The
Bloch-periodic fields and material properties are then expanded in plane waves, and the fluctuating Fourier
coefficients are eliminated to obtain the effective relation between the averaged kinetic and kinematic
fields. Our numerical examples demonstrate several features. First, the homogenized model recovers
the Bloch dispersion of the underlying composites. Second, the computed effective tensors satisfy the
expected restrictions associated with reciprocity, losslessness, and causality. This supports the physical
admissibility of the source-driven constitutive description, whereas source-free equivalent descriptions
that suppress explicit electromomentum coupling may violate these restrictions [32–34, 57, 61, 67]. Third,
by comparing circular and circular-sector inclusions, we distinguished two physical mechanisms. The
circular, geometrically centrosymmetric cell exhibits Willis and electromomentum couplings beyond the
long-wavelength limit, associated with mesoscale phase effects and spatial nonlocality. The asymmetric
sector cell, by contrast, generates a richer set of coupling components, including contributions that persist
in the local long-wavelength response.

We also tested the local effective medium in a long-wavelength canonical scattering problem [63, 65].
The comparison between the response of the underlying composite and its homogenized replacement
shows good agreement in reflected and transmitted energy for the incidence angles and wavelengths
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considered. The underlying composite retains cell-scale oscillations, whereas the effective medium
smooths these fluctuations while preserving the macroscopic wavelength, propagation direction, and
energy partition. This calculation should be interpreted as a validation of the averaged long-wavelength
scattering response for the chosen interface and excitation, rather than as pointwise recovery of the
microscopic fields or as an interface-independent statement at arbitrary wavelength.

Collectively, this work addresses a missing step in the analysis of the electromomentum coupling in
the in-plane tensorial setting, providing a tangible route for calculating in-plane electromomentum tensors
and evaluating their properties. In future work, we will extend the framework to fully three-dimensional
periodic piezoelectric composites and subsequently derive reduced beam and plate theories that inherit
electromomentum coupling from the underlying three-dimensional medium. These developments will
connect source-driven homogenization with finite-domain simulations and experimental characterization,
supporting future designs for elastic-wave control applications based on electromomentum coupling.
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A Dispersion relation of the homogenized medium

For completeness, we derive the dispersion relation associated with the homogenized model. The
derivation follows the same general strategy as in the antiplane case [34]: we substitute an averaged
Bloch form into the effective constitutive equations, insert the result into the macroscopic balance laws,
and eliminate the electric-potential amplitude to obtain a closed compatibility equation for the averaged
displacement.

For free waves we set
f = 0, 𝑞 = 0, η = 0, (A1)

and seek averaged fields of the form

⟨𝜁⟩(x, 𝑡) = 𝜁 𝑒 𝑖(κ·x−𝜔𝑡) . (A2)
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We define

ū =

(
𝑢̄1

𝑢̄2

)
, k :=

(
𝜅1

𝜅2

)
. (A3)

The averaged strain amplitude is obtained from

⟨∇su⟩ = 𝑖 R(κ) ū 𝑒 𝑖(κ·x−𝜔𝑡) , R(κ) :=
©­­«
𝜅1 0
0 𝜅2

𝜅2 𝜅1

ª®®¬ . (A4)

Using the effective constitutive relations, the averaged kinetic amplitudes are

σ̄ = 𝑖 C̃ R ū + 𝑖 B̃† k 𝜙 − 𝑖𝜔 S̃ ū,

D̄ = 𝑖 B̃ R ū − 𝑖 Ã k 𝜙 − 𝑖𝜔 W̃ ū,

p̄ = 𝑖 S̃† R ū + 𝑖 W̃† k 𝜙 − 𝑖𝜔 ρ̃ ū, (A5)

where
C̃ ∈ C3×3, B̃ ∈ C2×3, Ã ∈ C2×2, S̃ ∈ C3×2, W̃ ∈ C2×2, ρ̃ ∈ C2×2. (A6)

The source-free macroscopic balance laws are

∇ · ⟨σ⟩ = ⟨ ¤p⟩, ∇ · ⟨D⟩ = 0. (A7)

After Bloch reduction, these become

𝑖 R(κ)Tσ̄ + 𝑖𝜔 p̄ = 0, 𝑖 kTD̄ = 0. (A8)

Substituting Eq. (A5) into Eq. (A8) gives a homogeneous algebraic system for (ū, 𝜙),(
K𝑢𝑢 (𝜔,κ) K𝑢𝜙 (𝜔,κ)
K𝜙𝑢 (𝜔,κ) 𝐾𝜙𝜙 (𝜔,κ)

) (
ū
𝜙

)
=

(
0
0

)
, (A9)

where

K𝑢𝑢 (𝜔,κ) = 𝜔2ρ̃ + 𝜔
(
RTS̃ − S̃†R

)
− RTC̃R,

K𝑢𝜙 (𝜔,κ) = −RTB̃†k − 𝜔 W̃†k,

K𝜙𝑢 (𝜔,κ) = −kTB̃R + 𝜔 kTW̃,

𝐾𝜙𝜙 (𝜔,κ) = kTÃ k. (A10)
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All effective blocks in Eq. (A10) are evaluated at the same pair (𝜔,κ). Provided that

𝛼(𝜔,κ) := kTÃ(𝜔,κ) k ≠ 0, (A11)

the electric-potential amplitude can be eliminated from the second row of Eq. (A9), giving

𝜙 = −𝐾−1
𝜙𝜙K𝜙𝑢ū = −𝛼(𝜔,κ)−1K𝜙𝑢ū. (A12)

Substitution into the first row of Eq. (A9) yields a reduced equation for the averaged displacement,

Kred(𝜔,κ) ū = 0, Kred := K𝑢𝑢 − K𝑢𝜙 𝐾−1
𝜙𝜙 K𝜙𝑢 . (A13)

The free-wave dispersion relation of the homogenized medium is therefore

det Kred(𝜔,κ) = 0. (A14)

At points where 𝐾𝜙𝜙 = 0, for example at κ = 0, one should use the full coupled system in Eq. (A9) or
take the appropriate limiting value of Eq. (A13).

To display the explicit powers of 𝜔, define

g0 := RTB̃†k, g1 := W̃†k, rT
0 := kTB̃R, rT

1 := kTW̃. (A15)

Then
K𝑢𝜙 = −(g0 + 𝜔g1), K𝜙𝑢 = −(rT

0 − 𝜔rT
1 ), (A16)

and the reduced equation may be written as(
𝜔2P2(𝜔,κ) + 𝜔P1(𝜔,κ) + P0(𝜔,κ)

)
ū = 0, (A17)

with

P2(𝜔,κ) = ρ̃ + 𝛼(𝜔,κ)−1g1rT
1 ,

P1(𝜔,κ) = RTS̃ − S̃†R + 𝛼(𝜔,κ)−1
(
g0rT

1 − g1rT
0

)
,

P0(𝜔,κ) = −RTC̃R − 𝛼(𝜔,κ)−1g0rT
0 . (A18)

Eq. (A17) is quadratic only after the effective tensors are held fixed. In the exact homogenized problem,
the tensors entering P0, P1, and P2 depend on (𝜔,κ), so Eq. (A14) is a nonlinear compatibility condition.
In the recovery procedure used in the computations, this nonlinearity is handled locally: the tensors
are evaluated at the microstructural seed frequency and at selected reciprocal-shift representatives of
the wavevector, and the resulting fixed-coefficient quadratic problem is solved to recover the nearby
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homogenized branch.

B Finite-element scattering diagnostics

This appendix gives the finite-element definitions used in the scattering validation of Sec. 4.5. The
transverse wavenumber 𝜅2 is prescribed by the incidence angle, and the finite-element unknowns are
Bloch-envelope fields that are periodic in 𝑥2. For any scalar mechanical or electrical envelope component
𝑠, the real physical field is reconstructed as

𝑠phys(𝑥1, 𝑥2, 𝑡) = ℜ{𝑠env(𝑥1, 𝑥2, 𝑡)𝑒𝑖𝜅2𝑥2}, (B1)

where ℜ denotes the real part of the function. For a vertical monitor Γ, the cycle-averaged complex-
envelope power 𝑃Γ (𝑡), namely the power crossing that monitor at time 𝑡, is

𝑃Γ (𝑡) =
∫
Γ

𝑞𝑥1 (𝑥2, 𝑡) d𝑥2, 𝑞1 = −1
2
ℜ

{
𝜎11𝑣

∗
1 + 𝜎12𝑣

∗
2 + ¤𝜙𝐷∗

1
}
. (B2)

Here 𝑞𝑥1 is the 𝑥1-directed power-flux density, 𝑣𝑖 = ¤𝑢𝑖 are the mechanical velocity envelopes, 𝜎11 and 𝜎12

are stress-envelope components, ¤𝜙 is the electric-potential time derivative, and 𝐷1 is the 𝑥1-component
of the electric-displacement envelope. Positive power is directed toward +𝑥1. The factor 1/2 and the
complex conjugates follow from cycle averaging complex amplitudes,

1
𝑇cyc

∫ 𝑇cyc

0
ℜ(𝐴𝑒−𝑖𝜔𝑡)ℜ(𝐵𝑒−𝑖𝜔𝑡) d𝑡 =

1
2
ℜ(𝐴𝐵∗), 𝑇cyc =

2𝜋
𝜔
, (B3)

where 𝐴 and 𝐵 are arbitrary complex amplitudes. Thus, the plotted flux fields are cycle-averaged envelope
quantities, not instantaneous products of real time-domain fields.

The incident energy is obtained from a homogeneous reference run,

𝐸inc =

∫ 𝑡end

0
[𝑃ref (𝑡)]+ d𝑡, (B4)

where 𝑃ref (𝑡) is the left-monitor power in the homogeneous reference run and [ · ]+ denotes the positive-
part operator,

[𝑃]+ = max(𝑃, 0). (B5)

Thus, only right-going incident power is integrated. The reflected energy is extracted at the same left
monitor by subtracting the reference signal,

𝐸ref =

∫ 𝑡end

0
[− (𝑃scat(𝑡) − 𝑃ref (𝑡))]+ d𝑡, (B6)

where 𝑃scat(𝑡) is the corresponding left-monitor power in the scattering run.
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The transmitted energy reported in Table 2 is

𝐸tr,region = 𝐸absorbed,right(𝑡end) + 𝐸stored,right(𝑡end). (B7)

The absorbed part is the accumulated sponge work,

𝐸absorbed,right =

∫ 𝑡end

0
𝑃abs,right(𝑡) d𝑡, 𝑃abs,right =

1
2

∑︁
𝑗∈Ωabs,right

𝛾 𝑗𝑀 𝑗 𝑗 |𝑣 𝑗 |2. (B8)

Here Ωabs,right is the right absorbing region, 𝑗 indexes mechanical velocity degrees of freedom in that
region, 𝛾 𝑗 is the local sponge damping coefficient, 𝑀 𝑗 𝑗 is the corresponding diagonal mass entry, and 𝑣 𝑗
is the associated velocity degree of freedom.

The stored part is evaluated from

𝐸stored,right = 𝐸kin,right + 𝐸int,right, 𝐸kin,right =
1
4

∫
Ωright

vHρv dΩ, (B9)

and
𝐸int,right =

1
4

∫
Ωright

ℜ
{
εHCε + 2εHB†g𝜙 − gH

𝜙Ag𝜙
}

dΩ, (B10)

where Ωright is the right-side computational region, v is the mechanical velocity envelope, ρ is the
mass-density tensor, and

ε = ∇s,𝜅2u, g𝜙 = ∇𝜅2𝜙 = (𝜙,1, 𝜙,2 + 𝑖𝜅2𝜙)T, (B11)

with superscript H denoting Hermitian transpose. The sign of the dielectric term follows from the use of
∇𝜙, rather than E = −∇𝜙, as the independent electric kinematic variable. The constitutive tensors are
phase-wise tensors in the composite and local effective tensors in the homogeneous model.

In the effective-medium run, the Willis and electromomentum couplings enter the dynamics and the
flux through

σ = Cε + B†g𝜙 + Sv, D = Bε − Ag𝜙 + Wv. (B12)

The finite-time energy bookkeeping above is used as a scattering diagnostic for the narrowband simula-
tions. The final time is 𝑡end = 3.8 × 10−4 s for Cases 1–2 and 𝑡end = 9.5 × 10−4 s for Case 3.

The snapshots in Figs. 12–17 are generated from saved finite-element envelope states at times 𝑡𝑚 ≃
𝛼𝑚𝑡end, where 𝑚 indexes the saved snapshot and 𝛼𝑚 ∈ {0.25, 0.50, 0.75}. The displacement panels plot
the real S-polarized physical displacement

𝑢𝑠 (x, 𝑡𝑚) = Re
{
𝑒𝑖𝜅2𝑥2 e𝑠 (𝜃) · uℎ (x, 𝑡𝑚)

}
, e𝑠 (𝜃) =

(
− sin 𝜃
cos 𝜃

)
. (B13)
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Here uℎ (x, 𝑡𝑚) is the finite-element displacement envelope at position x = (𝑥1, 𝑥2) and time 𝑡𝑚, and e𝑠 (𝜃)
is the unit polarization vector of the incident S wave. This signed projection preserves phase and isolates
the directly excited shear component. The flux panels plot 𝑞𝑥1 (x, 𝑡𝑚) from Eq. (B2).
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