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Abstract

Conventional viscoplasticity frameworks treat the threshold stress as either a material constant or a quantity
evolving solely with accumulated plastic strain. Since microstructural evolution — whether precipitation, phase
transformation, or solute redistribution — may proceed concurrently with deformation, such a treatment is often
inadequate. The present work formulates a constitutive framework, derived from the Clausius–Duhem inequality
and Perzyna-type overstress viscoplasticity, in which the threshold stress evolves autonomously with physical time
through microstructural kinetics, independently of accumulated strain. Modified Armstrong–Frederick kinematic
hardening with static recovery is incorporated, so that back stress develops only during active inelastic flow. The
interaction between time-driven threshold evolution and strain-driven back-stress development gives rise to three
behavioural regimes: (I) a purely elastic response, (II) flow arrest, in which inelastic flow initiates but subsequently
ceases as the threshold overtakes the effective stress, and (III) continuous flow. A constructive Lyapunov function is
employed to prove that flow arrest is asymptotically stable, a result not previously established at the material-point
level in the viscoplastic creep literature. It is further shown that back-stress development reduces the time to arrest
through a kinematic hardening acceleration effect. A physics-informed neural network employing smooth Macaulay
bracket approximation with curriculum learning reproduces all three regimes within a single trained surrogate. The
framework is validated against experimental data using the creep-ageing and back-stress test (CABT), which provides
independent measurements of inelastic strain and back-stress evolution.

Keywords: Threshold stress evolution, Back stress, Flow arrest, Kinematic hardening, Lyapunov stability,
Physics-informed neural network

1. Introduction

Under sustained loading at elevated temperatures, the mechanical response of metallic materials is markedly time-
dependent; classical elasticity and rate-independent plasticity are insufficient to describe such behaviour. When a
metallic material is loaded, held under creep, and subsequently unloaded, the total strain separates into an instantaneous
elastic recovery, a time-dependent reversible portion termed anelasticity, and a permanent viscous component that does5

not recover [1, 2]. Sinha [3, 4] was the first to investigate this separation systematically, through strain relaxation and
recovery experiments on polycrystalline materials. For applications in which dimensional stability and springback
prediction are required, an accurate constitutive description of the recoverable and irrecoverable components is
indispensable.

The physical basis of anelasticity lies in internal stresses that oppose the applied stress during forward creep and10

subsequently drive strain recovery upon unloading. At the mesoscale, these internal stresses have been attributed to
grain boundary shearing and sliding [5]; at the microscale, they are associated with the evolution of dislocation cell
structures [6]. Mughrabi [7] proposed a composite model in which heterogeneous dislocation cells generate spatially
varying stress fields — cell walls sustain stresses of the same sign as the applied load, while cell interiors carry stresses
of opposite sign — so that the resulting stress heterogeneity furnishes the thermodynamic driving force for anelastic15

Email address: y.yang@ntut.edu.tw (Yo-Lun Yang)



recovery. Zelenika et al. [8] recently obtained the first in-situ three-dimensional observations of approximately 40,000
dislocation cells during tensile deformation, using Dark Field X-ray Microscopy. Their measurements confirmed that
cell size distributions are log-normal with bimodal dislocation density, lending quantitative support to composite
models of the Mughrabi type. From a mechanistic standpoint, Li and Wagoner [9] proposed the Dissipative Bow-out
model, which distinguishes three mechanisms underlying time-dependent recoverable strain, namely bond stretching20

(linear elastic), dislocation breakaway and multiplication (plastic), and dislocation bow-out (nonlinear elastic, dissipative).
At the macroscopic scale, these heterogeneous dislocation fields manifest as the back stress — defined as the

volume-averaged internal stress opposing deformation — which occupies a central place in constitutive descriptions
of anelastic behaviour [10, 11]. Zhu and Wu [12] introduced the hetero-deformation induced (HDI) stress framework,
in which geometrically necessary dislocations (GNDs) pile up near zone boundaries, so that back stress develops in25

soft zones and forward stress in hard zones. Back stress may be measured by stress relaxation tests, incremental
unloading procedures, or strain transient dip tests [13]; more recently, Chen et al. [14] proposed an HDI stress
measurement method based on plastic dissipation in hysteresis loops, reporting higher accuracy than the classical
Cottrell and Dickson approaches. In a broader assessment, Chen et al. [15] reviewed the coupling between dislocation
substructure evolution and macroscopic mechanical response during high-temperature creep, and concluded that back30

stress is not merely a fitting parameter but reflects the evolving internal state of the material. Existing techniques,
however, yield back-stress values only at discrete interruption points rather than during an ongoing creep process; the
development of protocols capable of tracking back-stress evolution continuously therefore remains an open need.

In constitutive models, the onset of inelastic flow is determined by the applied stress, the back stress, and a
threshold below which the macroscopic inelastic strain rate vanishes. Creep strain rate equations relate the deformation35

rate to stress, temperature, and internal state variables. The sinh-law formulation [16, 17] is generally preferred to
simple power-law forms, since it reproduces both the low-stress linear regime and the high-stress power-law regime
within a single expression. In threshold stress models, dislocation motion is assumed to require a critical stress to
overcome obstacles — precipitates, grain boundaries, or forest dislocations — below which no macroscopic flow
occurs.40

Conventional viscoplasticity frameworks, following Perzyna [18] or Chaboche [19–21], treat the threshold stress
as a material constant or as a function solely of accumulated plastic strain. When the microstructure remains stable
during deformation, this treatment is adequate; it becomes unsuitable, however, when microstructural evolution —
whether precipitation, phase transformation, solute clustering, or thermally-activated recovery — proceeds concurrently
with creep. Meyer and Ahlström [22] showed that accumulated plastic strain alone does not suffice to describe yield45

surface evolution in pearlitic steel; additional state variables beyond accumulated strain are required. In aluminium
alloys, Li et al. [23] observed double primary creep behaviour in AA2050-T34, attributed to simultaneous precipitate
dissolution and nucleation. Ma et al. [24] developed stress-level-dependent models with bimodal precipitation that
account for the resulting threshold stress evolution, and Wang et al. [25] formulated mechanism-based constitutive
equations relating threshold stress to dislocation density. The phenomenon is not confined to aluminium alloys.50

Machado Alves da Fonseca et al. [26] documented how γ′′ → δ phase evolution during prolonged ageing at 700 ◦C
alters the viscoplastic behaviour of Alloy 625, with creep rates changing by two orders of magnitude; their results
indicate that time-dependent threshold evolution occurs across diverse alloy systems undergoing microstructural
change.

Several unified constitutive models have been proposed to couple microstructural evolution with creep deformation.55

Li et al. [27] integrated nucleation, growth, and coarsening theories with dislocation-based creep mechanisms,
so that microstructural evolution and macroscopic creep-ageing behaviour may be predicted concurrently under
complex thermal and mechanical loading histories. Within a thermodynamic framework, Lei et al. [28] constructed
a creep model incorporating vacancy diffusion, dislocation motion, grain boundary sliding, and void evolution, and
reported predictions without empirical calibration. Bartošák and Horváth [29] extended the Chaboche framework to60

incorporate static recovery of kinematic hardening under creep-fatigue loading, coupling continuum damage mechanics
with a unified viscoplastic model for cast iron; creep strains in their formulation arise from the static recovery term
rather than from a separate creep law. These unified models have yielded useful predictions for the specific material
systems to which they are applied; their formulations are, however, generally tied to particular alloy systems and
loading conditions rather than derived from a general thermodynamic framework with evolving internal state variables.65

Of the two internal variables that govern inelastic flow, the threshold stress determines whether flow occurs,
and the back stress determines the direction and magnitude of that flow once it has been activated. Taken together,
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these variables form the necessary basis of any viscoplastic model that seeks to represent the competition between
time-driven and strain-driven hardening. Kinematic hardening provides the mathematical vehicle for back-stress
evolution: it describes translation of the yield surface in stress space, and thereby furnishes the basis for representing70

the Bauschinger effect and related directional hardening phenomena [30, 31]. Alternative approaches to yield surface
evolution, including rate-dependent phenomenological models [32] and two-surface formulations [33], describe hardening
through geometric translation and expansion of the yield locus; the present work instead employs a single-surface
formulation with time-dependent threshold evolution.

The kinematic hardening lineage adopted in the present work begins with Armstrong and Frederick [34], who75

introduced nonlinear kinematic hardening by incorporating a dynamic recovery term in the evolution of back stress;
this term produces saturation under monotonic loading while permitting reversal during load path changes. Chaboche
[35, 36] subsequently decomposed the back stress into multiple components; the Ohno–Wang models [37, 38] further
modified the dynamic recovery formulation to obtain improved predictions of ratcheting behaviour. Ohno et al. [39]
extended these evolution equations to include the effect of maximum plastic strain due to pre-loading and ratcheting,80

demonstrating that the interaction between isotropic and kinematic hardening governs the cyclic response under prior
loading histories. Ning et al. [40] showed that standard Armstrong–Frederick rules are insufficient for anomalous
multiaxial ratcheting in zirconium alloy tubes at elevated temperature, and proposed a general formulation that
decouples asymmetry from initial yielding; their results expose the limitations of existing kinematic hardening rules
under multiaxial loading.85

Through physically-based crystal plasticity models, the connection between phenomenological back stress and
the underlying dislocation microstructure has been placed on a quantitative footing. Zirkle et al. [41] derived back-
stress evolution from dislocation substructure dynamics by treating the dislocation cell structure as a two-phase
composite, in which back stress arises from plastic deformation incompatibility between hard (cell wall) and soft
(cell interior) regions. Their analysis indicates that the nonlinearity in back-stress evolution originates in plastic90

deformation within wall phases rather than in phenomenological dynamic recovery terms. In a complementary
approach, Evers et al. [42] formulated a nonlocal crystal plasticity model that accounts for dislocation–grain boundary
interactions; their formulation distinguishes GND-induced isotropic hardening (forest hardening) from GND-induced
kinematic hardening (back stress from inhomogeneous GND distribution). Zhang et al. [43] further quantified this
distinction by developing a nonlocal crystal plasticity model for gradient-grained materials, in which kinematic95

hardening arises directly from GND pile-ups near grain boundaries; their simulations showed that small grains
contribute disproportionately to GND-related back-stress development. Ispánovity et al. [44] showed that dipolar
dislocation wall formation arises intrinsically from back-stress terms in continuum dislocation dynamics, thereby
linking discrete and continuum descriptions of plasticity.

Decomposing back stress into physically distinct contributions sheds light on how time-driven and strain-driven100

mechanisms interact at the microstructural level. Qin et al. [45] proposed a hardening model combining isotropic,
kinematic, and distortional contributions, in which a microstructure stress deviator retains loading history information;
orthogonal loading is treated through yield surface distortion, while Bauschinger effects are described by kinematic
hardening. Xu et al. [46] showed that decomposition of the back stress into intergranular and intragranular components
allows strain-driven hardening (primarily intragranular development) to be distinguished from time-driven effects105

(intergranular relaxation and recovery) — a distinction that motivates the separate treatment of threshold stress and
back-stress evolution adopted in the present work.

Any constitutive framework that incorporates evolving internal variables must satisfy thermodynamic admissibility.
The internal state variable framework, rooted in the work of Coleman and Gurtin [47], furnishes the formal basis for
constructing constitutive equations consistent with the Clausius–Duhem inequality. McDowell and Liu [48] recently110

extended this foundation through a hierarchical nonequilibrium thermodynamic treatment of thermally activated
dislocation plasticity, establishing a formal Gibbs framework for internal state variable evolution laws that govern
back stress and threshold stress in metals and alloys. McDowell [49] subsequently addressed the self-organisation
of dislocation avalanches within the same nonequilibrium framework, showing that competing mechanisms — a
jamming transition and a depinning transition — govern the emergence of scale-free intermittent flow; the competition115

between these mechanisms provides a physical analogy to the competitive hardening dynamics considered in the
present work. Within this thermodynamic setting, Oppermann et al. [50] formulated a thermo-viscoplasticity model
applicable over wide temperature ranges. Zhu et al. [51] derived a cyclic elasto-viscoplastic model from the Coleman–
Noll procedure, incorporating Ohno–Abdel-Karim nonlinear kinematic hardening and validating the formulation
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against cyclic deformation data at elevated temperature; their thermodynamic derivation parallels the approach employed120

in the present work. In a related development, Ren et al. [52] coupled damage evolution with nonlinear mixed
kinematic hardening under multiaxial non-proportional loading, and showed that hysteresis loop shapes are predicted
more accurately than by simpler models.

In creep-ageing conditions, where age-hardenable aluminium alloys undergo sustained mechanical loading and
precipitation hardening simultaneously [53, 54], the competition between time-driven and strain-driven hardening is125

particularly pronounced. These conditions accordingly provide a well-characterised experimental basis for validating
constitutive frameworks with evolving threshold stress. Wang et al. [55] modelled anisotropic creep-ageing behaviour
of 2xxx aluminium alloys, employing non-uniform rational B-splines to extend rolling-direction material models to
arbitrary loading orientations. Bignon et al. [56] developed a crystal plasticity model for dynamic precipitation in
aluminium alloys that accounts for bidirectional coupling; in their formulation, the precipitate distribution affects the130

critical stress, while deformation accelerates precipitation kinetics — an interaction that illustrates the simultaneous
operation of time-driven and strain-driven mechanisms.

Further evidence of this competition has emerged from studies of specific alloy systems. Ma et al. [24] formulated
dislocation-based creep models with internal variables that account for upturn behaviour, in which creep strain and
hardening response accelerate at high stress; their treatment incorporates bimodal precipitation involving shearable135

and non-shearable precipitate populations. Yang et al. [57] showed that superposed hardening from precipitates
and dislocations governs the strength-ductility balance in Al–Cu alloys; their quantitative analysis indicated that fine
θ′ precipitates and pre-existing dislocations act in combination to enhance the mechanical response during ageing,
providing direct experimental evidence of interaction between time-driven precipitation hardening and strain-driven
effects. Li et al. [58] proposed a model for asymmetric tension and compression creep-ageing that predicts double140

primary creep with threshold creep stress and a microstructure-dependent creep variable; Zheng et al. [59] extended
this class of model to multi-step creep-ageing, incorporating different precipitation kinetics at successive temperatures.
Taken together, these studies confirm that the threshold stress cannot be treated as constant when microstructural
evolution occurs concurrently with deformation [24, 25].

Despite the experimental evidence summarised above, existing creep models generally treat the threshold stress145

as either a constant material parameter or as a quantity evolving solely in response to accumulated strain [20]. Such a
treatment neglects the time-dependent evolution of microstructural features — whether precipitates, second phases, or
solute atmospheres — that govern flow resistance across a broad range of metallic materials. Moreover, the conditions
under which inelastic flow ceases as the evolving threshold overtakes the effective stress — and whether such cessation
is stable against perturbations — have not been formally analysed. Two distinct mechanisms contribute to threshold150

stress evolution and must be distinguished.
The first is the formation and dissipation of dislocation cell structures, a reversible process [8]. During primary

creep, mobile dislocations pile up and form cell walls, and the resulting long-range internal stress fields oppose the
applied stress. Upon unloading, these cell structures gradually dissipate, and anelastic recovery follows [60]. Because
this process is reversible, it proceeds on timescales that are independent of the applied strain rate; it is common to all155

crystalline metals that form cellular dislocation arrangements.
The second is microstructural evolution that proceeds with physical time — precipitation hardening, phase transformation,

and solute redistribution among its principal manifestations — and that contributes an irreversible component to
threshold stress evolution [56, 61, 62]. In age-hardenable alloys, precipitates establish a stress floor below which
thermally-activated dislocation bypass cannot occur; in other systems, analogous barriers arise from second-phase160

particles, solute atmospheres, or ordered domains. Unlike dislocation cell structures, these microstructure-induced
contributions to flow resistance do not reverse upon unloading.

The coupling of these two mechanisms — reversible dislocation cell dynamics and irreversible microstructural
evolution — produces hardening behaviour that conventional models do not predict. Experimental observations of
anelastic recovery [4, 63], back-stress saturation during primary creep [11], and nonlinear stress dependence of creep165

rates in alloys undergoing concurrent microstructural change [23–25] together suggest the need for a constitutive
framework in which the threshold stress is treated as an evolving state variable rather than a constant.

The present work addresses this need through a general framework derived from first principles — Clausius–
Duhem thermodynamic consistency, Perzyna-type overstress viscoplasticity, and Armstrong–Frederick kinematic
hardening — and not restricted to any particular alloy system or microstructural mechanism. In this framework,170

the threshold stress increases continuously with physical time (time-driven hardening), while back stress develops
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only during active inelastic flow (strain-driven hardening); the interaction between these two mechanisms governs the
resulting deformation behaviour.

On the basis of the relative magnitudes of the applied stress, the initial threshold, and the saturated threshold, three
regimes of behaviour are identified, namely (I) a purely elastic response when the applied stress does not exceed175

the initial threshold; (II) flow arrest, in which inelastic flow initiates but subsequently ceases as microstructural
strengthening raises the threshold above the local stress; and (III) continuous flow when the stress exceeds even
the saturated threshold. Within the arrest regime, internal stress distributions become locked at the instant of cessation
— a phenomenon termed stress freezing. A kinematic hardening acceleration effect is also predicted. Because back
stress responds immediately to inelastic strain whereas threshold evolution proceeds gradually with physical time, the180

kinematic contribution provides early flow resistance that closes the gap before the threshold has fully developed, and
the time to arrest is accordingly reduced.

The constitutive model developed in the present work involves a system of coupled ordinary differential equations
(ODEs) whose parametric solution — mapping applied stress and time to inelastic strain and back stress — defines
a continuous manifold across all three behavioural regimes. At individual parameter values, this manifold is readily185

obtained by direct numerical integration; the computation becomes prohibitive, however, when parametric sweeps
or downstream structural analyses require repeated evaluation. Physics-informed neural networks (PINNs) provide a
means of constructing continuous surrogate representations that embed the governing equations directly in the loss
function [64–66]. Recent reviews by Dornheim et al. [67] and Fuhg et al. [68] treat the range of neural network
approaches to constitutive modelling, from feedforward and recurrent to physics-informed architectures, together190

with verification methodologies for data-driven material laws. Jordan and Mohr [69] demonstrated that physics-
based thermo-viscoplasticity models benefit from large-dataset training procedures, achieving accurate predictions
of the large-deformation response of polypropylene across temperatures and strain rates spanning several orders of
magnitude. The PINN methodology, introduced by Raissi et al. [70, 71], permits parameter identification from sparse
experimental data while maintaining physical consistency.195

Masi and Stefanou [72, 73] proposed the thermodynamics-based artificial neural network (TANN) framework, in
which both laws of thermodynamics are encoded directly in the network architecture through automatic differentiation,
providing a basis for thermodynamically consistent constitutive modelling. The Evolution TANN extension [73]
allows data-driven identification of evolution equations and internal variables, with predictions that are independent
of increment size. In the context of viscoplasticity, Eghtesad et al. [74] developed the NN-EVP framework for elasto-200

viscoplasticity, which accounts for grain size and strain rate sensitivity; monotonicity and convexity constraints are
imposed to maintain thermodynamic consistency. Yu et al. [75] proposed a physics-informed multimodal network
for unified prediction of ratcheting deformation at elevated temperatures, in which the unrecoverable character of
plastic strain accumulation is incorporated directly in the loss function. Keshavarz et al. [76] integrated PINNs
with crystal plasticity finite element methods within a large-deformation framework, and reported that the surrogate205

reproduces stress–strain responses and plastic deformation gradients at reduced computational cost. For finite-strain
elasto-plasticity, Niu et al. [77] constructed a PINN framework that handles plastic deformation gradients and multi-
step loading histories, and showed that the formulation extends to viscoplastic problems. Maia et al. [78] proposed
physically recurrent neural networks that embed constitutive models within the network architecture; their formulation
predicts unloading and reloading responses without explicit training data for these paths.210

The non-smooth character of the elastic–inelastic transition, which in the present framework takes the form of
a Macaulay bracket on the overstress, poses a particular difficulty for neural network training. Vlassis and Sun
[79] addressed this by formulating yield functions as evolving level sets, with Hamilton–Jacobi equations governing
hardening and softening. Lai et al. [80] introduced Locally Enhanced Neural Networks (LENNs), whose multiscale
architecture separates the global bulk solution from localised non-smooth features by weighted superposition of215

smooth window functions.
For path-dependent plasticity, Gorji et al. [81] showed that recurrent neural networks based on gated recurrent

units (GRUs), in which built-in memory variables represent plastic strains and back stresses, reproduce both the
Bauschinger effect and latent hardening. Bonatti et al. [82] developed self-consistent recurrent neural network
surrogates for crystal plasticity that provide stress responses independent of time-discretisation, making them suitable220

for integration into explicit finite element frameworks. Heidenreich and Mohr [83] extended this approach through
the Extended Minimal State Cell (EMSC) architecture, which enforces stationarity and self-consistency for rate- and
temperature-dependent viscoplastic constitutive modelling by mathematical construction — a stability requirement
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analogous to the Lyapunov stability analysis presented in the present work. Danoun et al. [84] pursued a complementary
strategy for non-proportional loading through stacked LSTM networks that satisfy thermodynamic consistency, with225

physics-based loss functions enforcing dissipation compliance.
Although physics-informed neural networks have been applied to rate-independent plasticity [85] and thermo-

viscoplasticity [86], no existing formulation addresses the situation in which the threshold evolves independently of
accumulated strain while competing with strain-driven back-stress evolution.

The present work contributes the following. A constitutive framework is formulated in which the threshold stress230

evolves autonomously with physical time through microstructural kinetics, independently of accumulated strain —
a departure from conventional viscoplasticity in which the threshold is either constant or strain-driven. Modified
Armstrong–Frederick kinematic hardening with static recovery is incorporated, and the interaction between time-
driven threshold evolution and strain-driven back stress is shown to produce three distinct behavioural regimes.
Flow arrest — in which inelastic flow initiates but subsequently ceases — is proven to be asymptotically stable235

via a constructive Lyapunov function, the first such stability proof at the material-point level in the viscoplastic
creep literature. A kinematic hardening acceleration effect is derived, showing that back-stress development reduces
the time to arrest. A physics-informed neural network employing smooth Macaulay bracket approximation with
curriculum learning reproduces all three behavioural regimes within a single trained network. The framework is
validated on AA7050-T6 aluminium alloy at 174 ◦C — a system in which precipitation-driven threshold evolution is240

particularly pronounced — using the creep-ageing and back-stress test (CABT), a measurement technique developed
by the present author [87]. The loading phase of the CABT provides time-resolved inelastic strain histories, while the
post-unloading phase yields direct back-stress measurements, so that both subsystems are validated independently.
The CABT protocol and the related creep-ageing recovery test (CART) are illustrated in Figure 1, which presents the
experimental approaches for measuring inelastic strain and back-stress evolution.245

2. Constitutive Framework

2.1. Thermodynamic Foundation

For a viscoplastic material exhibiting both recoverable and permanent inelastic deformation, the constitutive
framework is developed within the thermodynamics of internal variables, following the internal state variable approach
of Coleman and Gurtin [47]. The observable state is specified by the total strain tensor ε and the temperature T ,250

assumed constant throughout. In addition to these observable quantities, it is necessary to introduce two internal state
variables. Of these, the anelastic strain tensor εan is associated with recoverable time-dependent deformation, while
the scalar ageing variable ξ describes the degree of microstructural strengthening.

Under the assumption of small strains, the total strain decomposes additively, so that

ε = εe + εin (1)

where εe is the elastic strain and εin the inelastic strain. The inelastic strain is itself partitioned into recoverable255

and permanent parts,

εin = εan + εvis (2)

The anelastic component εan is associated with heterogeneous dislocation cell structures whose internal stress
fields store elastic energy; upon unloading, this stored energy furnishes the driving force for strain recovery. In
contrast, the viscous component εvis arises from dislocation climb and annihilation, and is not recovered.

The specific Helmholtz free energy ψ is taken as the sum of elastic, anelastic, and microstructural contributions,260

ψ = ψe (
εe) + ψan (

εan) + ψage(ξ) (3)

where ξ ∈ [0, 1] is the dimensionless ageing variable. For isotropic linear elasticity, the elastic free energy is

ψe =
1

2ρ
εe : C : εe =

1
2ρ

[
λ
(
tr εe)2

+ 2µ εe : εe
]

(4)
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Figure 1: Schematic comparison of the creep-ageing recovery test (CART) and the creep-ageing and back-stress test (CABT); the two protocols
measure inelastic strain and back-stress evolution respectively. (a) Strain response in CART: primary creep followed by anelastic recovery upon
unloading; the back stress χ drives partial retraction. (b) Strain response in CABT: strain held constant after unloading; stress relaxes to χ. (c)
Stress protocol for CART: constant applied stress followed by stress-free recovery. (d) Stress protocol for CABT: constant applied stress followed
by strain-constrained hold, from which the autonomous back stress χ(t) is obtained.
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where ρ is the mass density, C the fourth-order elasticity tensor, and λ and µ the Lamé constants. The energy
stored in dislocation cell wall stress fields takes the quadratic form

ψan =
c

2ρ
εan : εan (5)

with c [MPa] denoting the kinematic hardening modulus, which may be regarded as a measure of the stiffness of
the internal dislocation structure. The contribution from microstructural ageing — associated with precipitate–matrix265

interfacial energy and coherency strains — may be written as

ψage =
Hξ

2ρ
(ξ − 1)2 (6)

where Hξ [MPa] is the microstructural hardening modulus. The function ψage attains its minimum at ξ = 1,
corresponding to the fully aged condition at thermodynamic equilibrium.

Under isothermal conditions, the requirement of non-negative dissipation is expressed by the Clausius–Duhem
inequality,270

D = σ : ε̇ − ρψ̇ ≥ 0 (7)

Here σ is the Cauchy stress tensor and the superposed dot denotes the material time derivative. Expanding the
free energy rate gives

ρψ̇ = ρ
∂ψ

∂εe : ε̇e + ρ
∂ψ

∂εan : ε̇an + ρ
∂ψ

∂ξ
ξ̇ (8)

Substituting into (7) with ε̇ = ε̇e + ε̇in, and rearranging, we obtain

D =

(
σ − ρ

∂ψ

∂εe

)
: ε̇e + σ : ε̇in − ρ

∂ψ

∂εan : ε̇an − ρ
∂ψ

∂ξ
ξ̇ ≥ 0 (9)

Since this inequality must hold for arbitrary elastic strain rates, the coefficient of ε̇e must vanish identically, giving
the elastic constitutive relation275

σ = ρ
∂ψ

∂εe = C :
(
ε − εin

)
(10)

The thermodynamic force conjugate to the anelastic strain defines the back-stress tensor,

χ = ρ
∂ψ

∂εan = c εan (11)

which may be interpreted physically as the internal stress generated by mobile dislocation structures; it opposes
the applied stress and so reduces the effective driving force for continued flow. Similarly, the thermodynamic force
conjugate to the ageing variable furnishes

Yξ = −ρ
∂ψ

∂ξ
= −Hξ(ξ − 1) = Hξ(1 − ξ) (12)

The conjugate force Yξ is non-negative for ξ ∈ [0, 1] and vanishes at equilibrium (ξ = 1). Substituting (10), (11),280

and (12) into (9), the reduced dissipation inequality becomes

D =
(
σ − χ

)
: ε̇an + σ : ε̇vis + Yξ ξ̇ ≥ 0 (13)

and all admissible evolution equations are required to satisfy this inequality.

2.2. Flow Rule and Threshold Evolution

The effective stress driving inelastic flow is obtained by subtracting the back stress from the deviatoric stress,
giving285
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Σ = σ′ − χ (14)

where σ′ = σ − (1/3) (trσ) I is the deviatoric stress and I the second-order identity tensor. Since inelastic flow is
incompressible (tr ε̇in = 0), the back stress is purely deviatoric. The von Mises equivalent of the effective stress is

Σeq =

√
3
2
Σ : Σ (15)

A yield function with time-dependent threshold is introduced as

f (Σ, σY ) = Σeq − σY (ξ) (16)

In contrast to classical formulations, in which the threshold is taken as constant or as a function of accumulated
strain, here σY evolves with time through the ageing variable ξ, giving290

σY (ξ) = σY0 + ∆σY · ξ (17)

where σY0 [MPa] is the initial threshold and ∆σY [MPa] the threshold increment.
The ageing kinetics are assumed to follow first-order evolution,

ξ̇ =
1
τh

(1 − ξ) (18)

where τh [s] is the hardening time constant. Integration of (18) gives the exponential form

ξ(t) = 1 − e−t/τh (19)

and substituting (19) into (17) yields

σY (t) = σY0 + ∆σY

(
1 − e−t/τh

)
(20)

The equivalent rate form is295

σ̇Y =
1
τh

(σY∞ − σY ) (21)

where σY∞ = σY0 + ∆σY is the saturation threshold. It is this autonomous evolution that distinguishes the present
formulation from conventional viscoplasticity: the threshold stress σY increases with physical time regardless of
whether flow is occurring, while the back stress χ develops only during active inelastic deformation.

For associative viscoplasticity, the flow direction is taken normal to the yield surface, so that

N =
∂ f
∂σ

(22)

Applying the chain rule through the effective stress, we have300

∂ f
∂σ
=
∂ f
∂Σ

:
∂Σ

∂σ
=

3
2
Σ

Σeq
: D (23)

where D is the fourth-order deviatoric projection tensor. Since Σ is already deviatoric, the expression reduces to

N =
3
2
Σ

Σeq
(24)

with the normalisation N : N = 3/2. The inelastic strain rate takes the form

ε̇in = ṗ N (25)

where the equivalent inelastic strain rate follows a power-law overstress relation,
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ṗ =
1
η

〈
Σeq − σY (ξ)

σ0

〉n

(26)

Here η [s] is the viscosity parameter, σ0 [MPa] a reference stress, n the stress exponent, and ⟨·⟩ the Macaulay
bracket defined by305

⟨x⟩ =
x + |x|

2
= max(0, x) (27)

The power-law overstress formulation is adopted here for analytical tractability; the sinh-law variant [16, 17],
which reproduces both low-stress linear and high-stress power-law behaviour within a single expression, may be
substituted without affecting the thermodynamic structure or the regime classification developed in Section 3.

Combining (24), (25), and (26), the complete flow rule becomes

ε̇in =
1
η

〈
Σeq − σY (ξ)

σ0

〉n 3
2
Σ

Σeq
(28)

The equivalent strain rate may also be written as310

ṗ =

√
2
3
ε̇in : ε̇in (29)

as is readily verified by substituting (25) and using (24).

2.3. Back Stress Evolution with Static Recovery
The back stress is governed by a modified Armstrong–Frederick evolution equation with an additional static

recovery term,

χ̇ = c ε̇in − κχ ṗ −
χ

τrec
(30)

where κ is the dimensionless dynamic recovery coefficient and τrec [s] the static recovery time constant. On the315

right-hand side, the first term accounts for dislocation structure buildup during flow, the second for dynamic recovery
through strain-induced annihilation, and the third for static recovery by thermal relaxation. Of these, the first two
are active only during inelastic flow ( ṗ > 0), whereas the static recovery term operates continuously, even in the
absence of external loading. It is this last term that distinguishes the present evolution equation from the classical
Armstrong–Frederick form; it represents thermally activated processes such as dislocation climb and cell coarsening.320

The form of (30) may be motivated by a rheological model consisting of an internal Maxwell element through
which the inelastic strain passes. The internal spring, of stiffness c, stores energy and generates back stress according
to

χ = c εan (31)

while the internal dashpot, of viscosity ηint, permits viscous relaxation,

ε̇vis
int =

χ

ηint
(32)

Defining τrec = ηint/c and incorporating dynamic recovery during active flow, we recover equation (30). The325

parameter τrec accordingly has a direct physical interpretation as the characteristic timescale over which back stress
relaxes under zero external loading; the rheological arrangement is illustrated in Figure 2.

Under multiaxial loading, the directional dependence of back-stress accumulation produces anisotropic recovery,
in which directions with larger accumulated back stress recover more than those with less. The peak deformed and
recovered strain states on the unit sphere under prescribed triaxial stress are shown in Figure 3.330

Under constant strain rate proportional loading, the back stress approaches a steady-state value; in creep under
constant stress, ṗ varies with time, but the saturation value (34) corresponds to the instantaneous equilibrium toward
which χ tends at the prevailing strain rate. Setting χ̇ = 0 in (30) gives
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Figure 2: Rheological representation of the constitutive framework: elastic spring (E), ageing-dependent threshold element σY (ξ), viscoplastic
dashpot (η, n), and internal Maxwell element for kinematic hardening with static (τrec) and dynamic (κ · ṗ) recovery mechanisms. The effective
stress Σ = σ − χ drives flow through the threshold.

Figure 3: Anisotropic inelastic strain decomposition visualised on the unit sphere. The peak deformed surface (red) and recovered surface (green)
are obtained by integrating the flow rule (28) and back-stress evolution (30) under prescribed triaxial stress (σ1 > σ2 > σ3). Directions with larger
accumulated back stress recover more, producing an irregular residual shape distinct from the deformed shape. Parameters chosen for visual clarity.
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0 = c ṗ − κχsat ṗ −
χsat

τrec
(33)

and solving for χsat, we obtain

χsat =
c ṗ

κ ṗ + 1/τrec
=

c
κ + 1/ ( ṗτrec)

(34)

It follows from (34) that the saturation value depends on the strain rate solely through the dimensionless group335

ṗτrec. When loading is fast ( ṗτrec ≫ 1), dynamic recovery dominates and χsat → c/κ; when loading is slow (ṗτrec ≪

1), static recovery dominates and χsat → c ṗ τrec. The crossover between these two regimes occurs at the characteristic
rate ṗ∗ = 1/ (κτrec); the saturation behaviour therefore spans continuously from the rate-independent limit to the fully
viscous limit. Figure 4 shows χsat/(c/κ) as a function of the dimensionless group ṗτrec.

Figure 4: Normalised back-stress saturation χsat/(c/κ) as a function of the dimensionless strain rate–recovery time product ṗτrec, showing the
transition from static-recovery-dominated (χsat ≈ cṗτrec) to dynamic-recovery-dominated (χsat → c/κ) regimes. The crossover occurs at ṗ∗ =
1/ (κτrec).

The partition of the inelastic strain rate into anelastic and viscous parts follows from (31) and (30). Differentiating340

(31) with respect to time gives
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χ̇ = c ε̇an (35)

and substituting the back-stress evolution equation, we obtain the anelastic strain rate as

ε̇an =
1
c
χ̇ = ε̇in −

κ
c
χ ṗ −

χ

c τrec
(36)

Since ε̇in = ε̇an + ε̇vis, it follows that the viscous strain rate is

ε̇vis =
κ
c
χ ṗ +

χ

c τrec
(37)

The viscous strain accordingly accumulates through two mechanisms, namely dynamic conversion during active
flow and static conversion by thermal relaxation.345

When the stress lies below the threshold (Σeq < σY ), the Macaulay bracket gives ṗ = 0 and the evolution equations
reduce to

χ̇ = −
χ

τrec
, ε̇an = −

χ

c τrec
, ε̇vis =

χ

c τrec
(38)

which integrate to

χ(t) = χ0 e−t/τrec , εan(t) = εan
0 e−t/τrec (39)

The anelastic strain therefore decays exponentially towards zero while the viscous strain accumulates the permanent
component. This exponential recovery is the mechanism responsible for the creep recovery observed experimentally350

in strain relaxation and recovery tests [3, 4].

2.4. Thermodynamic Consistency

The constitutive model defined by Eqs. (28), (30), (36), (37), and (18) satisfies the Clausius–Duhem inequality
for all admissible processes. Starting from the reduced dissipation (13), and noting that ε̇an and ε̇vis are traceless, the
dissipation may be expressed in terms of deviatoric quantities as355

D = Σ : ε̇an + σ′ : ε̇vis + Yξ ξ̇ (40)

Substituting the anelastic strain rate from (36) gives

Σ : ε̇an = Σ : ε̇in −
κ
c

(
Σ : χ

)
ṗ −

(
Σ : χ

)
c τrec

(41)

On introducing the flow rule ε̇in = ṗ N and N = (3/2)Σ/Σeq, the first term on the right-hand side becomes

Σ : ε̇in = ṗΣ :
3
2
Σ

Σeq
=

3ṗ
2Σeq

(Σ : Σ) = Σeq ṗ (42)

where we have used Σ : Σ = (2/3)Σ2
eq. Substituting the viscous strain rate from (37) in a similar manner yields

σ′ : ε̇vis =
κ
c

(
σ′ : χ

)
ṗ +

(
σ′ : χ

)
c τrec

(43)

Since σ′ − Σ = χ, we have

σ′ : χ − Σ : χ = χ : χ = ∥χ∥2 (44)

where ∥χ∥2 = χ : χ is the squared Frobenius norm. Collecting terms from (41)–(44), the mechanical dissipation360

simplifies to
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Dmech = Σeq ṗ +
κ
c
∥χ∥2 ṗ +

∥χ∥2

c τrec
(45)

Each term on the right-hand side is non-negative, since Σeq ≥ 0 by definition, ṗ ≥ 0 from the Macaulay bracket,
κ, c, τrec > 0 as material parameters, and ∥χ∥2 ≥ 0. It follows that

Dmech ≥ 0 for all admissible processes (46)

The total dissipation may be decomposed into four contributions,

Dtotal = Dflow +Ddyn +Dstat +Dage (47)

in which Dflow = Σeq ṗ is the viscous resistance to inelastic flow, Ddyn = (κ/c)∥χ∥2 ṗ the dissipation associated365

with dynamic recovery, Dstat = ∥χ∥
2/ (c τrec) the static recovery dissipation, and Dage = Yξ ξ̇ the contribution from

microstructural ageing. Of these four terms, Dstat is of particular interest: it remains positive whenever χ , 0,
regardless of whether inelastic flow is occurring, so that energy is dissipated by thermal relaxation of dislocation
structures even in the absence of mechanical loading. Classical kinematic hardening models, which lack a static
recovery mechanism, do not exhibit this behaviour.370

The thermodynamic treatment of the threshold stress σY (t) deserves separate comment. Unlike the back stress —
which evolves only during active flow — the threshold increases continuously with time irrespective of the mechanical
loading state; this time-driven evolution is accommodated through the internal ageing variable ξ introduced in Section 2.1.
The microstructural dissipation associated with ageing is non-negative,

Dage = Yξ ξ̇ ≥ 0 (48)

Substituting the thermodynamic force (12) and the ageing kinetics (18) gives375

Dage = Hξ(1 − ξ) ·
1
τh

(1 − ξ) =
Hξ

τh
(1 − ξ)2 ≥ 0 (49)

The inequality is strict for ξ < 1 and vanishes at equilibrium (ξ = 1). The total dissipation therefore satisfies

Dtotal = Dmech +Dage ≥ 0 (50)

with each component individually non-negative, confirming thermodynamic consistency of the coupled mechanical–
microstructural system.

The microstructural modulus Hξ does not enter the mechanical equations; it affects only the stored energy accounting.
Since the mechanical response depends solely on the threshold σY (ξ) through the yield function (16), ageing may be380

treated as a prescribed kinetic process without compromising the thermodynamic framework.
The first-order ageing kinetics (18) are written in general terms that do not presuppose a particular microstructural

mechanism. For precipitation-hardening alloys, however, the ageing variable ξ admits a direct physical interpretation
in terms of precipitate evolution. The Lifshitz–Slyozov–Wagner (LSW) coarsening theory gives the normalised
precipitate state as385

r̄3
n − r̄3

n,0 = KLSW · t (51)

where KLSW depends on the diffusion coefficient, interfacial energy, and temperature. The first-order kinetics
adopted in (18) may be regarded as a linearised approximation valid during the initial hardening transient, before
significant coarsening sets in. For extended ageing times approaching the over-ageing regime, higher-order kinetic
descriptions would be needed; such extensions lie beyond the scope of the present work.

The complete system comprises the elasticity relation (10), back-stress definition (11), threshold-ageing coupling390

(17), ageing kinetics (18), flow rule (28), back-stress evolution (30), and strain partition (36)–(37). The material
parameters governing the framework are listed in Table 1.

The framework reduces to classical Armstrong–Frederick kinematic hardening when τrec → ∞ (no static recovery)
and ξ = 0, σY = σY0 (no threshold evolution). Setting Hξ → 0 causes the ageing process to store no energy, so that
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Table 1: Material parameters.

Symbol Units Physical Meaning

λ, µ MPa Lamé elastic constants
η s Viscous flow resistance
n — Stress exponent
σ0 MPa Reference stress
c MPa Kinematic hardening modulus
κ — Dynamic recovery coefficient
τrec s Static recovery time
σY0 MPa Initial threshold
∆σY MPa Threshold increment
τh s Hardening time constant
Hξ MPa Microstructural hardening modulus

the microstructural dissipationDage vanishes; the mechanical dissipation (45) is unaffected.395

Although the individual equations in the preceding framework are drawn from established viscoplasticity theory,
their coupling — specifically, the autonomous time evolution of σY competing with the strain-driven evolution of
χ — gives rise to three distinct behavioural regimes, including flow arrest (defined in Section 1) in which inelastic
flow initiates but subsequently ceases. These phenomena, which have not been analysed in the existing literature, are
characterised in Section 3.400

3. Competitive Hardening Dynamics

Within the constitutive framework of Section 2, two hardening mechanisms differ in their time dependence. The
threshold stress σY (t) evolves autonomously with physical time, whereas the back stress χ grows only during active
inelastic flow, though static recovery may diminish it regardless of the flow state. The long-time deformation behaviour
is accordingly governed by the competition between these two mechanisms.405

3.1. Regime Classification

Under constant applied stress the back stress remains aligned with the deviatoric stress throughout monotonic
loading, and the condition for inelastic flow, Σeq > σY , reduces to a comparison between a scalar driving force and the
total resistance to flow. The driving force is defined as

F (t) = ∥σ′(t)∥ (52)

which is the deviatoric stress magnitude available to sustain flow. Under constant applied loading, F remains410

constant or changes only through stress redistribution. The total resistance is the sum of all mechanisms opposing
flow, so that

R(t) = σY (t) + χeq(t) (53)

where χeq =

√
3
2 χ : χ is the equivalent back stress. Inelastic flow then occurs when

ṗ > 0 ⇔ F > R (54)

Since the two components of R evolve at different rates, we write their time derivatives, obtained from (20) and
(30), as415

σ̇Y =
∆σY

τh
e−t/τh ≥ 0 always active (55)
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χ̇eq =

√
3
2
χ : χ̇
χeq

active only when ṗ > 0 (56)

The threshold stress therefore increases monotonically regardless of the mechanical loading state, approaching
σY∞ = σY0+∆σY asymptotically. The back stress, in contrast, evolves only during active flow; if flow ceases, it either
remains constant (when τrec → ∞) or decays through static recovery.

The coupling between these two mechanisms produces a competition between time-driven hardening — σY (t)
increasing continuously — and strain-driven hardening, in which χ grows only during flow. Three long-time outcomes420

are then possible. If the resistance exceeds the driving force from the outset, no flow occurs (Regime I); if the
resistance catches up at a finite time t∗, flow arrest takes place (Regime II); and if the driving force always exceeds the
resistance, flow continues indefinitely (Regime III).

Two dimensionless parameters characterise the long-time behaviour. The load ratio

Λ =
σeff

σY0
(57)

compares a characteristic applied stress σeff to the initial yield resistance, and the hardening capacity425

Γ =
∆σY

σY0
(58)

is the fractional increase in threshold stress from the initial to the saturated state; for precipitation-hardening
aluminium alloys, typical values lie in the range 0.3–0.8.

To complete the description, two further dimensionless groups are introduced. The dimensionless time is

Πt =
t
τh

(59)

and the back-stress saturation ratio is

Πχ =
χsat

σY0
(60)

in which χsat = c/κ is the upper bound of the saturation back stress, corresponding to the dynamic-recovery-430

dominated limit of (34).
In terms of these parameters, the flow condition at any instant becomes

Λ > 1 + Γ
(
1 − e−Πt

)
+ Πχ

(
1 − e−κ p) (61)

The two exponential terms on the right-hand side give the current fractional evolution of threshold stress and back
stress respectively. For different values of Λ and Γ, the inequality (61) delineates three regimes. In Regime I (Λ < 1),
the stress lies below the initial threshold and the response is purely elastic. In Regime II (1 < Λ < 1 + Γ), ageing-435

induced hardening arrests flow at a finite time. In Regime III (Λ > 1 + Γ), the stress exceeds the saturated threshold
and flow continues indefinitely.

In the (Λ, Γ) parameter space the three regimes form a map that is of practical interest for process design. Regime
II occupies a triangular region bounded by Λ = 1, Λ = 1 + Γ, and the positive Γ axis. For a given material (fixed Γ),
the value of Λ determines whether arrest occurs; conversely, for a given loading condition, the hardening capacity Γ440

controls whether the flow can be arrested.
The regime boundaries stated above are necessary conditions that neglect the back-stress contribution. When

kinematic hardening is included, the arrest regime expands, since the back stress provides additional resistance that
reduces the effective driving force. The resulting acceleration of flow arrest is quantified in Section 3.3; the three-
regime structure is displayed in Figure 5 as a phase map in the (t/τh,Λ) plane.445

The gap between the two arrest boundaries in Figure 5 varies systematically with load ratio. It is widest at
intermediate values (Λ ≈ 1 + Γ/2), where the back stress has sufficient time to develop before arrest occurs. Near the
upper boundary (Λ→ 1 + Γ), the back-stress contribution becomes negligible, since arrest occurs at increasingly late
times when the threshold is already near saturation. Near the lower boundary (Λ → 1), the brief flow duration limits
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Figure 5: Three-regime state map in the (t/τh,Λ) plane showing elastic (Λ < 1, blue), arrested (green), and continuous-flow (coral) domains. At
early times, material in Regime II flows transiently before arrest (coral wedge). Solid red curve: arrest boundary from the full model, σY (t)+χ(t) =
σapp. White dashed curve: arrest boundary neglecting back stress, σY (t) = σapp. The gap between the two boundaries corresponds to the
acceleration effect discussed in Section 3.3; kinematic hardening reduces arrest time by providing immediate resistance that supplements the
slower threshold evolution. Illustrative parameters with Πχ = c/ (κ σY0) = 0.33.
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back-stress accumulation. For the illustrative parameters shown, the back stress accelerates arrest by approximately450

∆t∗/τh ≈ 0.3 at Λ = 1.25.
Remark (degenerate case σY0 = 0). When the initial threshold vanishes, the dimensionless parameters Λ, Γ,

and Πχ defined in (57), (58), and (60) become undefined because each uses σY0 as the normalising stress. In this
degenerate case the natural normalisation employs the asymptotic threshold σY∞ = ∆σY , giving the reduced load
ratio Λ∞ = σeff/σY∞, the reduced back-stress ratio Πχ,∞ = χsat/σY∞, and Γ∞ = 1 by construction. The regime455

classification then simplifies to two cases — continuous flow (Λ∞ > 1) and eventual arrest (Λ∞ < 1) — with no
purely elastic regime, since every nonzero stress exceeds the zero initial threshold. The arrest time (81) reduces to

t∗

τh
= − ln (1 − Λ∞) (62)

and all results of Sections 3.2–3.3 carry through with σY∞ replacing σY0 as the normalising stress. This case
arises naturally in alloys where solution treatment produces a negligible initial dislocation barrier, so that the entire
flow resistance develops through precipitation during ageing. Its occurrence in the calibration of Section 6 is discussed460

in Section 6.4.

3.2. Stability of Flow Arrest

A natural question is whether flow arrest, once achieved, is permanent. It is shown below that arrest constitutes a
stable and irreversible transition; the argument proceeds by two routes — kinematic analysis and Lyapunov stability
theory.465

Flow arrest occurs when the overstress vanishes with a non-positive rate of change, so that

f (t∗) = 0 and ḟ (t∗) ≤ 0 (63)

The first of these conditions marks the instant of arrest; the second precludes immediate resumption of flow.
To evaluate ḟ at arrest, we differentiate the overstress function, giving

ḟ = Σ̇eq − σ̇Y (64)

Under constant applied stress with an evolving back stress, the rate of effective stress follows from the chain rule
as470

Σ̇eq =
∂Σeq

∂χ
: χ̇ = −

3
2
Σ

Σeq
: χ̇ = −N : χ̇ (65)

The negative sign reflects the opposition between back stress and effective stress.
At the instant of arrest the viscoplastic multiplier ṗ → 0+ while remaining positive, the arrest being approached

from active flow. Substituting into the back-stress evolution law (30) gives

χ̇|arrest = c ṗ N − κχṗ −
χ

τrec
→ −

χ

τrec
as ṗ→ 0+ (66)

The rate of effective stress at arrest is therefore

Σ̇eq|arrest = −N :
(
−
χ

τrec

)
=

N : χ
τrec

(67)

Under monotonic loading from virgin conditions, both N and χ point in the direction of the applied deviatoric stress475

— N because it is the flow direction, and χ because it accumulates along the flow direction during prior deformation
— so that N : χ > 0 and hence Σ̇eq|arrest > 0. It follows that the effective stress increases at the instant of arrest as a
consequence of back-stress relaxation.

At arrest (t = t∗), the overstress rate is obtained from (64), (67), and (55) as

ḟ
∣∣∣
t∗ = Σ̇eq

∣∣∣
t∗ − σ̇Y (t∗) =

N : χ
τrec

−
∆σY

τh
e−t∗/τh (68)
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In the arrest regime (II) we have σY (t∗) < σY∞, which requires480

e−t∗/τh > 0 (69)

The threshold stress accordingly continues to increase after arrest. Although Σeq also increases through back-
stress relaxation (67), the threshold increases at a faster rate, provided the static recovery timescale is sufficiently
large relative to the ageing timescale. After arrest, the back stress decays exponentially through static recovery,
∥χ(t)∥ = ∥χ (t∗) ∥ exp [− (t − t∗) /τrec], and the effective stress recovery rate is therefore bounded by ∥χ (t∗) ∥/τrec.
Arrest is strictly irreversible — in the sense that ḟ ≤ 0 for all t > t∗ — when the threshold growth rate exceeds this485

recovery rate at t = t∗, which requires

τrec

τh
>
∥χ(t∗)∥
∆σY e−t∗/τh

(70)

For all physically relevant parameter combinations in which τrec ≫ τh — as is the case for the material systems
considered here — the condition (70) is satisfied. The threshold growth rate at arrest is given by

σ̇Y (t∗) =
σY∞ − σY (t∗)

τh
> 0 (71)

In the absence of static recovery, both the stress and the back-stress distributions become time-independent after
arrest. Even when τrec is finite, the total stress σ remains frozen because the elastic strain compensates for back-stress490

relaxation through (10). The final stress state consequently depends on the arrest time t∗ rather than on asymptotic
values, and process design must account for the transient evolution, not merely for the steady-state parameters.

An alternative route to establishing irreversibility is provided by Lyapunov’s direct method, which offers an
energy-based perspective and establishes asymptotic stability in addition to permanence. Consider the total stored
energy functional495

V(t) =
∫
Ω

[
1
2
εe : C : εe +

1
2c
χ : χ +

Hξ

2
(ξ − 1)2

]
dV (72)

where Ω denotes the material domain and dV the volume element. The three terms are, in order, the elastic strain
energy, the kinematic hardening energy stored in dislocation structures, and the microstructural ageing energy. By
construction V ≥ 0, with equality holding only when εe = 0, χ = 0, and ξ = 1.

Differentiating with respect to time gives

V̇ =
∫
Ω

[
σ : ε̇e +

1
c
χ : χ̇ + Hξ(ξ − 1)ξ̇

]
dV (73)

On substituting the strain decomposition ε̇e = ε̇ − ε̇in, the stress power may be written as500

σ : ε̇e = σ : ε̇ − σ : ε̇in (74)

Under constant applied loading the quantity σ : ε̇ equals the external power input Pext, and substitution of the
dissipation components yields

V̇ = Pext −Dtotal (75)

in whichDtotal is the total dissipation defined in (47).
At arrest under constant applied stress, the total strain rate vanishes (ε̇ = ε̇e + ε̇in = 0, both contributions being

frozen), so that the external power Pext = σ : ε̇ = 0. The energy rate therefore reduces to505

V̇ |arrest = −Dstat −Dage = −
∥χ∥2

c τrec
−

Hξ

τh
(1 − ξ)2 ≤ 0 (76)

with equality only when χ = 0 and ξ = 1. The functional V is positive definite in the neighbourhood of the
equilibrium and decreases along trajectories (V̇ ≤ 0), reaching V̇ = 0 only at the equilibrium point itself. By
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Lyapunov’s direct method, the arrested state is asymptotically stable. It may be noted that V does not vanish at
the post-arrest equilibrium: the elastic strain energy (1/2)εe : C : εe remains positive (and constant) after arrest, the
stress field being frozen. The stability conclusion follows because the only dynamically evolving contributions — the510

back-stress energy and the ageing energy — decrease monotonically throughDstat andDage, reaching zero only at the
equilibrium χ = 0, ξ = 1.

Arrested states act as energy sinks; stored energy associated with back stress and incomplete ageing is dissipated
through static recovery and continued ageing. The system evolves toward the minimum-energy configuration in which
χ→ 0 and ξ → 1. After arrest, the stored energy decreases monotonically, so that515

V (t2) < V (t1) for all t2 > t1 > t∗ (77)

unless χ (t1) = 0 and ξ (t1) = 1.

3.3. Kinematic Hardening Acceleration Effect

Kinematic hardening not only contributes to flow arrest but accelerates its occurrence. To establish a baseline,
consider first the case without kinematic hardening (χ ≡ 0). The arrest condition then takes the form

σeff = σY

(
t∗0
)

(78)

where t∗0 denotes the arrest time in the absence of back stress. Substituting the threshold evolution (20) furnishes520

σeff = σY0 + ∆σY

(
1 − e−t∗0/τh

)
(79)

Solving for the arrest time, we obtain

t∗0 = −τh ln
(
1 −

σeff − σY0

∆σY

)
= −τh ln

(
σY∞ − σeff

∆σY

)
(80)

In dimensionless form this becomes

t∗0
τh
= − ln

(
1 −
Λ − 1
Γ

)
(81)

For this solution to exist (t∗0 > 0 and finite), it is necessary that

0 <
Λ − 1
Γ

< 1 ⇔ 1 < Λ < 1 + Γ (82)

which recovers the Regime II condition established in Section 3.1.
In view of (63), when kinematic hardening is present the arrest condition becomes525

σeff − χeq (t∗) = σY (t∗) (83)

Because χeq (t∗) > 0, the threshold stress required at arrest is smaller than in the baseline case, namely

σY (t∗) = σeff − χeq (t∗) < σeff = σY

(
t∗0
)

(84)

From the monotonicity of the threshold evolution (20), it follows that

t∗ < t∗0 (85)

Kinematic hardening hence accelerates flow arrest strictly (t∗ < t∗0).
To quantify the acceleration, we write (79) with the back stress included, giving

σeff − χeq (t∗) = σY0 + ∆σY

(
1 − e−t∗/τh

)
(86)

Solving for t∗ yields530
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t∗ = −τh ln
(
σY∞ − σeff + χeq (t∗)

∆σY

)
(87)

The ratio of arrest times is then

t∗

t∗0
=

ln
[
∆σY/

(
σY∞ − σeff + χeq

)]
ln [∆σY/ (σY∞ − σeff)]

< 1 (88)

The strict inequality holds because χeq > 0 makes the argument of the logarithm in the numerator smaller than
that in the denominator.

In the limit of small back stress (χeq ≪ σY∞ − σeff), a first-order expansion of the numerator furnishes

t∗

t∗0
≈ 1 −

χeq

σY∞ − σeff
·

1
ln [∆σY/ (σY∞ − σeff)]

(89)

so that the relative acceleration is proportional to χeq and inversely proportional to the overstress marginσY∞−σeff .535

When the back stress reaches its saturation value (χeq → χsat = c/κ), the acceleration is greatest and the ratio
attains its minimum value

t∗min

t∗0
=

ln [∆σY/ (σY∞ − σeff + c/κ)]
ln [∆σY/ (σY∞ − σeff)]

(90)

The magnitude of the acceleration depends on the dimensionless ratio c/ (κ ∆σY ) and on the position within
Regime II; the reduction is greatest at intermediate load ratios where the back stress has sufficient time to develop
before arrest, and vanishes near the regime boundaries. The actual acceleration for a given trajectory is smaller than540

the upper bound (90), because χeq (t∗) < c/κ when arrest occurs before back-stress saturation; the applicability of
this acceleration to the material system studied here is discussed in Section 6. Physically, the back stress provides
immediate resistance that complements the slower threshold evolution. Whereas σY requires a time of order τh to
approach saturation, the back stress develops rapidly during the initial flow transient; this early resistance permits
arrest at a lower threshold value and hence at an earlier time. The yield surface translation and the resulting tension–545

compression asymmetry are illustrated in Figure 6 for three representative load ratios.
Figure 6 shows the mechanical consequences of kinematic hardening in stress space. During loading (panel a),

the yield surface translates in the direction of the applied stress by an amount equal to the current back stress; the
translation increases with Λ because higher stress levels produce faster inelastic strain accumulation and consequently
faster back-stress growth. Upon unloading to zero stress (panel b), the translated surfaces show that the reverse yield550

stress — the compressive stress required to reinitiate flow — is reduced by twice the back stress, producing the
Bauschinger effect. In panel (c), the back-stress trajectories follow the Armstrong–Frederick saturation dynamics;
the two continuous-flow cases (Λ = 1.50, 1.80) approach the common plateau χsat = c/κ at different rates, while
the arrested case (Λ = 1.20) freezes well below saturation when flow ceases. The tension–compression asymmetry
quantified in panel (d) grows with Λ because the back stress at the evaluation time increases with the accumulated555

inelastic strain; this asymmetry is a prediction of the constitutive framework and would be absent in a purely isotropic
hardening model.

4. Physics-Informed Neural Network Formulation

The constitutive framework of Sections 2–3 poses three difficulties for conventional numerical integration. The
yield transition at the Macaulay bracket is non-smooth; the time scales span several orders of magnitude; and the560

boundaries between active and arrested regions shift as the threshold stress increases. The Macaulay bracket appearing
in the flow rule (28) is defined by

⟨x⟩ = max(0, x) =

x x > 0
0 x ≤ 0

(91)
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Figure 6: Yield surface evolution under kinematic hardening at three load ratios (Λ = 1.20, 1.50, 1.80): (a) translated von Mises surfaces during
loading at t/τh = 1.5, showing χ-induced translation; (b) after unloading to σ = 0, showing non-uniform reverse yield points; (c) back-stress
time histories χ(t)/σY0, showing approach to saturation at c/κ for continuous-flow cases and frozen sub-saturation values for the arrested case; (d)
tension–compression asymmetry bar chart showing that increasing χ reduces reverse yield stress (Bauschinger effect).
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and its derivative is discontinuous at x = 0. In classical finite element implementations the discontinuity is handled
through return-mapping algorithms, but neural network-based methods require a smooth approximation because
gradients must propagate through the yield transition during backpropagation. The softplus function furnishes such565

an approximation,

⟨x⟩k ≈
1
k

ln
(
1 + ekx

)
(92)

where k > 0 controls the sharpness of the transition. Differentiating (92) gives

d⟨x⟩k
dx
=

1
1 + e−kx = σ(kx) (93)

in which σ(·) denotes the sigmoid function; derivatives are accordingly continuous for all finite k. The softplus
function was introduced by Dugas et al. [88] to impose monotonicity and convexity constraints in neural networks,
and is adopted here as a smooth surrogate for the Macaulay bracket. During training the sharpness parameter k is570

progressively increased through a curriculum learning strategy analogous to continuation methods in computational
plasticity [89], in which a regularised problem is solved first and the original non-smooth problem is recovered
gradually.

A mesh-free alternative is provided by PINNs, in which the governing equations enter as soft constraints while
selected physical requirements — initial conditions and incompressibility — are satisfied exactly through the network575

architecture. The general tensor formulation is set out first; the implementation then specialises to a parametric
material point case.

4.1. Network Architecture

For the general tensor formulation the neural network approximates the solution fields as continuous functions of
the coordinate–time tuple (x, t),580

Nθ : (x, t) 7→
{
ui, ε

in
i j , χi j

}
(94)

where θ denotes the trainable network parameters, ui are displacement components, εin
i j is the accumulated inelastic

strain tensor, and χi j is the back-stress tensor. Because the constitutive residuals require the inelastic strain rate and the
back-stress rate, both are obtained by automatic differentiation of the network outputs, ε̇in

i j = ∂ε
in
i j/∂t and χ̇i j = ∂χi j/∂t;

numerical time integration is accordingly unnecessary, and both evolution equations receive identical treatment.
When the formulation is specialised to a single material point under prescribed uniaxial stress, the spatial coordinates585

are absent and the network input reduces to the pair (σ̄, t̄). Here σ̄ = σ/σY0 is the normalised applied stress, coinciding
with the load ratio Λ defined in Section 3.1 for uniaxial loading, and t̄ = t/τh is the normalised time. Since the stress
level enters as a network input alongside time, the PINN is formulated as a single parametric map,

Nθ : (σ̄, t̄) 7→
{
εin, χ

}
(95)

over the full stress–time domain σ̄ ∈ [0.85, 1.50], which spans the elastic, arrest, and continuous flow regimes
identified in Section 3.1. The parametric formulation therefore encodes the complete competitive hardening response590

in a single network rather than requiring a separate solution for each stress level, and generalises to unseen stress
values within the training range without retraining.

Because the two inputs operate on different scales, both must be mapped to a common range before training. The
stress input is centred and scaled to [−1, 1], and the time input is treated similarly, giving

∼
σ =

σ̄ − σ̄mid

σ̄half
,

∼

t =
2t̄

Tend/τh
− 1 (96)

where σ̄mid = (σ̄max + σ̄min) /2 = 1.175 and σ̄half = (σ̄max − σ̄min) /2 = 0.325, and Tend = 5τh, so that the time595

input spans [−1, 1] over the full simulation horizon. Both mapped inputs then fall within the natural operating range
of the hyperbolic tangent activation, avoiding the slow convergence associated with unnormalised inputs.
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Under Xavier initialisation with bounded tanh activation the raw network outputs are O(0.1), whereas the physical
fields span many orders of magnitude — εin ∼ O

(
10−8

)
and χ ∼ O

(
104

)
Pa. Without output scaling, the optimiser

must suppress the raw outputs by seven or more decades to reach the correct solution, and training becomes trapped600

in trivial local minima. Physical characteristic scales are therefore introduced, so that

ε̂in = Nε
θ · sε, χ̂ = N

χ
θ · sχ, sε =

τh

η

(
σ̄mid σY0 − σY0

σ0

)n

, sχ = c sε (97)

Here sε is the characteristic inelastic strain accumulated at a representative overstress over one ageing time, and
sχ = c sε reflects the initial-growth proportionality χ ≈ c εin that holds before dynamic and static recovery become
significant. It may be noted that the input and output normalisations defined in (96)–(97) require σY0 > 0; when the
initial threshold vanishes, the alternative normalisation using σY∞ described in the Remark of Section 3.1 applies.605

A shared-trunk, dual-head architecture is adopted for the network. A single trunk of six fully connected layers (512

neurons each) processes the normalised inputs
(
∼
σ,
∼

t
)

and produces a shared feature representation; two independent

linear heads then project this representation onto the scalar outputs εin and χ respectively, with physical output scaling
(97) and hard initial condition enforcement via output subtraction (104). Since automatic differentiation of the physics
residuals requires smooth gradients, the hyperbolic tangent is used as the activation function throughout the trunk,610

yielding derivatives that are continuous to all orders. Each head is initialised with a reduced gain (0.1 instead of 1.0),
permitting the two outputs to be calibrated independently without one field dominating the trunk gradients in early
training. The total parameter count is approximately 1.57 × 106; the complete architecture is depicted in Figure 7.

Figure 7: Architecture of the parametric physics-informed neural network: normalised inputs (σ̄, t̄) mapped to [−1, 1], shared trunk MLP (6 × 512,
tanh), dual output heads for εin and χ, output subtraction enforcing hard initial conditions, analytical threshold stress σY (t̄) as known input to
physics residuals, and composite loss function with five penalty terms.

Three features of the architecture in Figure 7 warrant comment. Because the trunk is shared between both output
fields, the network encodes the coupling between εin and χ through common internal representations; the separate615
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heads then allow independent scaling and initialisation for each field. The output subtraction loop — in which the
trunk is evaluated at both t̄ and t̄ = 0 for the same stress input — imposes the initial conditions εin(0) = 0 and
χ(0) = 0 exactly, regardless of the network parameters. The threshold stress σY (t̄) bypasses the network entirely
and enters the physics residuals as an analytical function computed from (20); the time-autonomous ageing kinetics
are consequently represented exactly rather than approximated, and no approximation error is introduced into the620

thermodynamic structure established in Section 2.
Inelastic deformation in metals is volume-preserving, so that tr

(
εin

)
= 0. In spatially extended problems the

trace-free condition is satisfied exactly by restricting the network output to the independent deviatoric components;
the remaining component is then recovered from the constraint. Since tr

(
χ
)
= 0 follows from χ = c εan and anelastic

incompressibility, the same deviatoric parameterisation applies to the back-stress tensor. In the scalar uniaxial case625

both constraints are trivially satisfied.

4.2. Physics Residuals and Loss Function

The governing equations of Section 2 are incorporated into the loss function as physics residuals evaluated at
collocation points distributed over the (σ̄, t̄) domain. In the material point formulation spatial gradients are absent and
only the constitutive residuals are active; the equilibrium and elastic constitutive residuals arise in the general spatial630

formulation and are stated here for completeness. In the absence of body forces, momentum balance gives

R
( j)
eq =

∂σi j

∂xi
= 0 (98)

where stress is computed from the elastic constitutive relation (10). The stress–strain relation yields the elastic
residual

R
(i j)
el = σi j −Ci jkl

(
εkl − ε

in
kl

)
(99)

Both residuals vanish identically in the material point case. In view of the smooth Macaulay bracket approximation
(92), the viscoplastic flow rule (28) takes the residual form635

R
(i j)
flow = ε̇

in
i j −

1
η

〈
Σeq − σY (t)

σ0

〉n

k

3
2
Σi j

Σeq + ϵ
(100)

where Σi j = σ′i j − χi j is the effective stress deviator (14), Σeq its equivalent value (15), and ϵ > 0 is a small
regularisation constant (typically 10−8) that prevents division by zero when Σeq → 0. From the modified Armstrong–
Frederick equation (30) with static recovery, the back-stress residual becomes

R
(i j)
χ = χ̇i j − cε̇in

i j + κχi j ṗ +
χi j

τrec
(101)

where ṗ =
√

(2/3)ε̇in
i j ε̇

in
i j is the equivalent inelastic strain rate (29). The rates ε̇in

i j and χ̇i j appearing in both (100) and
(101) are obtained by automatic differentiation of the network outputs with respect to time; numerical time integration640

is therefore avoided entirely.
The total loss combines five weighted contributions that address distinct aspects of the constitutive response. With

the mean squared residual over Nc collocation points denoted by

∥R∥2 =
1

Nc

Nc∑
i=1

|R (σ̄i, t̄i)|2 (102)

the total loss may be written

L = w(e)
[
λflow∥Rflow∥

2 + λχ∥Rχ∥
2 + λthLthresh

]
+ λelLelastic + λICLIC (103)

The physics residuals ∥Rflow∥
2 and ∥Rχ∥2 enforce the flow rule (100) and back-stress evolution (101) at Nc = 8,000645

collocation points sampled uniformly from the full (σ̄, t̄) domain. Because the smooth Macaulay bracket residual is
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most sensitive to the sharpness parameter k near the yield boundary, a near-threshold penalty Lthresh evaluates the
flow and back-stress residuals at a further Nth = 1,800 points concentrated in the range σ̄ ∈ [1.0, 1.15], compensating
for the small fraction of the domain that lies near threshold. Within the elastic region (σ̄ < 1) the penalty Lelastic
imposes ε̂in ≈ 0 and χ̂ ≈ 0 at Nel = 1,000 points; the physics residuals are inactive there and the smooth bracket650

approximation does not identically vanish; without this term the network may assign spurious non-zero strains to
sub-threshold loading states. The hard output subtraction constraint is supplemented by an auxiliary IC loss LIC, a
redundant soft penalty that drives ε̂in (σ̄, 0) and χ̂ (σ̄, 0) to zero at 200 stress levels.

The initial conditions εin(0) = 0, χ(0) = 0 are imposed exactly through the network architecture by output
subtraction. For each head output ϕ̂, the subtracted form is655

ϕ̂ (σ̄, t̄) = [Nθ (σ̄, t̄) − Nθ (σ̄, 0)] · sϕ (104)

and it follows that ϕ̂ (σ̄, 0) = 0 for all stress levels regardless of the network parameters θ. In practice the trunk is
called at t̄ = 0 for the same stress batch, and the difference is taken before applying the physical scale; the constraint is
thus evaluated parametrically across the entire stress range. Enforcement by soft penalty alone was found to produce
persistent initial condition violations that corrupted the solution throughout the domain, and the hard subtraction
proved indispensable for stable training.660

The regime classification of Section 3.1 informs the collocation strategy directly. Because the elastic (Λ < 1),
arrest (1 < Λ < 1+Γ), and continuous flow (Λ > 1+Γ) states exhibit qualitatively different behaviour, the three-zone
sampling — general, threshold, and elastic — is designed so that the network encounters all three regimes during
every training iteration.

4.3. Training Strategy665

The smooth Macaulay bracket (92) introduces a systematic approximation error that depends on k. Near the arrest
boundary the normalised overstress x → 0+, and the sigmoid factor σ(kx) deviates appreciably from unity unless k
is large. A curriculum strategy is accordingly adopted in which k is progressively increased from k0 = 5 to k f = 100
over the course of training, giving

k(e) =


k0 + (20 − k0) e

0.2 E e < 0.2 E
20 + 30 e−0.2E

0.3 E 0.2 E ≤ e < 0.5 E
50 +

(
k f − 50

)
e−0.5E
0.5 E e ≥ 0.5 E

(105)

where e is the current epoch and E is the total epoch count. The schedule comprises three phases: the first670

establishes approximate flow behaviour at low sharpness, the second refines the yield transition at intermediate values,
and the third sharpens to the target. Figure 8 shows the smooth approximation and its derivative for several values of
the sharpness parameter.

As k increases in Figure 8(a), the smooth approximation converges uniformly to the exact Macaulay bracket,
with the transition region narrowing proportionally to 1/k. The corresponding derivative in panel (b) approaches the675

Heaviside step function; the sigmoid activation σ(kx) hence provides a continuous gradient even at the yield point —
a property on which backpropagation relies. At k = 35 the approximation error is confined to a narrow band |x| < 0.1,
substantially smaller than the overstress values encountered in the flowing regime. The curriculum strategy exploits
this uniform convergence by beginning training at low k, where the smooth gradients permit rapid initial learning, and
progressing to high k, where the sharp transition is needed to resolve the arrest boundary accurately.680

A complementary curriculum ramps the combined physics weight w(e) in Eq. (103) from 1 to 10 over the first
30% of training, so that

w(e) = 1 + 9 ·min
(
1,

e
0.3 E

)
(106)

The ramp permits the elastic zone and IC penalties to regularise the solution before the physics residuals are fully
activated. Without it, the large initial physics residuals were observed to overwhelm the IC and elastic penalties,
leading to solutions that satisfied the ODE in the flowing regime but violated the zero-strain condition at threshold.685
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Figure 8: Smooth Macaulay bracket approximation ⟨x⟩k (a) and its derivative d⟨x⟩k/dx (b) for increasing sharpness parameter k = 2, 5, 15, 35. The
curriculum learning schedule increases k from k0 = 5 to k f = 100 during training, progressively sharpening the elastic–inelastic transition.

Hyperparameter optimisation was carried out within the Optuna framework using 40 trials of 30,000 epochs each.
The search space comprised network width ∈ {256, 512, 1024}, depth ∈ {4, 6, 8}, learning rate, loss weights, and the
effective static recovery timescale τeff

rec ∈
[
5 × 105, 5 × 106

]
s. As a starting point, the study was warm-started with the

best configuration from the simpler single-output baseline (εin only), which achieved L2 = 4.21%. The search did not
improve upon this warm-start configuration (512 × 6 trunk, ℓr = 8 × 10−4), suggesting that architecture requirements690

are governed by the underlying constitutive complexity rather than the number of outputs. The best configuration
was then retrained for 300,000 epochs on the SGDR schedule (Cosine Annealing Warm Restarts with T0 = 20,000,
Tmult = 2, ηmin = 0.02 ℓr), giving restart boundaries at epochs 20k, 60k, 140k, and 300k. Table 2 summarises the
complete training configuration.

Table 2: Training configuration for the parametric coupled PINN.

Parameter Value

Optimiser Adam (β1 = 0.9, β2 = 0.999)
Initial learning rate ℓr 8 × 10−4

Learning rate schedule SGDR: T0 = 20,000, Tmult = 2, ηmin = 0.02 ℓr

Total epochs 300,000
General collocation Nc 8,000 (uniform in (σ̄, t̄) domain)
Threshold collocation Nth 1,800 (biased: σ̄ ∈ [1.0, 1.15])
Elastic collocation Nel 1,000 (elastic zone: σ̄ < 1)
IC enforcement Hard (output subtraction, Eq. (104)) + soft LIC

Sharpness curriculum k0 = 5→ k f = 100 via Eq. (105)
Physics weight ramp w : 1→ 10 over first 30% of epochs (Eq. (106))
Gradient clipping ℓ2-norm ≤ 1.0
Network initialisation Xavier uniform (trunk); reduced gain 0.1 (heads)
Arithmetic precision float32

The accuracy of the trained network is measured by the L2 relative error between PINN predictions and high-695

accuracy reference solutions obtained from a Radau IIA integrator (rtol = 10−10, atol = 10−13),

ϵ2
L2 =

∥ϕPINN − ϕref∥
2
L

∥ϕref∥
2
L

(107)
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where ϕ denotes εin or χ. The error (107) is evaluated independently at each of 20 stress levels in the test set
Λ ∈ [1.06, 1.47], distinct from the collocation points used during training.

5. Computational Validation

At the material point level and under prescribed uniaxial stress, the PINN is validated with illustrative parameters700

(σY0 = 150 MPa, ∆σY = 50 MPa, η = 108 s, n = 3, σ0 = 100 MPa, c = 5000 MPa, κ = 100, τrec = 106 s; symbols
defined in Table 1). Since the material point formulation involves no spatial discretisation, boundary conditions, or
equilibrium residuals, the constitutive response is isolated in its entirety. The theoretical contributions — the arrest
stability theorem, the three-regime classification, the acceleration effect — are properties of the constitutive equations
themselves; their verification does not require a spatially resolved boundary value problem.705

5.1. Test Configuration and Accuracy Metrics

The applied stress is parameterised by the load ratio Λ = σ/σY0; this quantity and the normalised time t̄ = t/τh

form the two-dimensional network input. Over the domain (Λ, t̄) ∈ [0.85, 1.50] × [0, 5], the parametric PINN maps
onto the output pair {εin, χ}, so that the constitutive manifold is obtained over the full stress–time domain in a single
training run. Quantitative error assessment is confined toΛ ∈ [1.06, 1.47]. The lower limit excludes the near-threshold710

bandΛ ∈ [1.00, 1.06], where the total accumulated inelastic strain is of order 10−8 — three to four orders of magnitude
below the arrest-regime strains — so that the relative error metric is dominated by numerical noise rather than physics
error.

Reference solutions for the coupled ODE system,

dεin

dt
=

1
η

〈
σ − χ − σY (t)

σ0

〉n

,
dχ
dt
= c

dεin

dt
− κχ

∣∣∣∣∣∣dεin

dt

∣∣∣∣∣∣ − χ

τrec
, (108)

are generated by the Radau IIA integrator with tolerances rtol = 10−10 and atol = 10−13, evaluated on a uniform715

time grid of 2×103 points. For the purposes of error measurement, these solutions are treated as exact. The L2 relative
error quantifies the accuracy of the trained network separately for each output; the mean error across Nσ test levels is
defined for each field, giving

ϵ̄ ε
in

L2 =
1

Nσ

Nσ∑
j=1

∥εin
PINN

(
Λ j, ·

)
− εin

ref

(
Λ j, ·

)
∥2L

∥εin
ref

(
Λ j, ·

)
∥2L

, (109)

ϵ̄
χ

L2 =
1

Nσ

Nσ∑
j=1

∥χPINN

(
Λ j, ·

)
− χref

(
Λ j, ·

)
∥2L

max
(
∥χref

(
Λ j, ·

)
∥2L, χscale × 10−2

) , (110)

where Nσ = 20 test levels, uniformly distributed over Λ ∈ [1.06, 1.47], are distinct from the collocation points
used during training. In (110), the denominator is taken as max

(
∥χref∥

2
L, χscale × 10−2

)
; without this floor, numerical720

noise would dominate the relative error when the reference back stress is near zero. The construction serves the same
regularisation purpose as the ϵ floor in the general metric (107), but is scaled to the physical back-stress magnitude.

5.2. Training and Convergence

The two-output coupled system requires greater network capacity than a single-output formulation, since the
nonlinear feedback κχ

∣∣∣ε̇in
∣∣∣ in the Armstrong–Frederick equation creates a coupling that a narrow network cannot725

represent. Both outputs are accordingly normalised by their characteristic physical scales, with εscale = (1/η) ·
((σmid − σY0) /σ0)n · τh and χscale = c · εscale, where σmid = σ̄mid · σY0 uses the domain midpoint σ̄mid = 1.175
defined in (96).

Table 3 summarises the hyperparameter search space and the best values obtained. None of the trials improved
upon the warm-start seed; the coupled problem therefore shares its optimal architecture with the simpler single-730

output variant. Convergence was most sensitive to the back-stress weight λχ = 10. In trials with λχ < 3, the back
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Table 3: Hyperparameter search space for the coupled HPO study.

Hyperparameter Search range Best value

Network width nh {256, 512, 1024} 512
Network depth nℓ {4, 6, 8} 6
Learning rate ℓr [10−4, 10−3] 8.0 × 10−4

Flow loss weight λflow [1, 500] 1.0
Back-stress loss weight λχ [1, 100] 10.0
Elastic weight λel [50, 500] 300
Threshold weight λth [1, 30] 10.0
Elastic collocation count Nel [500, 2000] 1000
Threshold collocation count Nth [500, 2500] 1800
τrec,eff [5 × 105, 5 × 106] s 1.0 × 106 s

stress collapsed toward zero within 50,000 epochs, while λχ > 30 caused the flow residual to be under-weighted and
produced degraded εin accuracy.

Two design choices that had proved detrimental in the single-output study were equally problematic for the
coupled formulation. Soft penalty enforcement of the initial conditions produced persistent IC violations; the output735

subtraction hard constraint (104) was again necessary. The progressive loss ramp over the first 30% of training was
likewise retained, since activating the full coupled physics loss from epoch one caused early divergence.

The best configuration was retrained for 300,000 epochs using the SGDR schedule

T (i)
restart = T0 · T i

mult, T0 = 20,000, Tmult = 2 (111)

giving restarts at epochs 20k, 60k, 140k, and 300k. The most pronounced improvement occurred at the 60k restart,
where ϵ̄ ε

in

L2 dropped from approximately 18% to 4.8% within 20,000 epochs; the learning rate reset destabilised a loss740

plateau that had persisted for 40,000 epochs. Selected training checkpoints are given in Table 4.

Table 4: Selected training checkpoints for the coupled εin–χ PINN.

Epoch ϵ̄ ε
in

L2 ϵ̄
χ

L2 Remark

50,000 20.59% 20.29% —
100,000 4.84% 4.63% Post-restart improvement
120,000 3.96% 3.29% Second restart nadir
200,000 2.89% 3.27% —
240,000 2.22% 2.81% —
300,000 0.52% 0.41% Final epoch

At the final export validation, conducted on 20 distinct test levels after training completion, the mean L2 errors are

ϵ̄ ε
in

L2 = 0.30%, ϵ̄
χ

L2 = 0.24% (112)

The coupled formulation thus achieves a 14-fold improvement over the baseline single-output PINN (which solved
only the flow rule without back-stress coupling), for which ϵ̄ ε

in

L2 = 4.21% under the same training duration and
schedule. The improvement may be attributed to the additional physical structure provided by the back stress χ,745

since the Armstrong–Frederick equation constrains the solution manifold and thereby reduces the effective search
space for the optimiser.

5.3. Accuracy and Constitutive Manifolds

The mean errors (112) conceal important structure across regimes. In the arrest regime (Λ ∈ [1.06, 1.33]), the
mean errors are ϵ̄ ε

in

L2 = 0.35% and ϵ̄ χL2 = 0.30%; in the continuous flow regime (Λ ∈ [1.33, 1.47]), both errors fall to750
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0.01%. The near-threshold band (Λ ∈ [1.00, 1.06]) shows elevated relative errors that are numerical artefacts rather
than physics errors, as discussed below.

In both regimes, the accuracy is sufficient to resolve the arrest time t∗, the final arrested strain εin (t∗), and the
long-time asymptotic behaviour in the continuous flow case, all to within the physical uncertainty of the material
parameters.755

The physical plausibility of the back-stress prediction was verified at three levels. For the continuous flow case
(Λ = 1.40), the back stress approaches a quasi-steady equilibrium substantially below the Armstrong–Frederick
saturation c/κ = 50 MPa. In the coupled system, the growing back stress progressively reduces the effective stress
Σeq = σ − χ − σY (t), which in turn decelerates the inelastic strain rate. The equilibrium χ is therefore set by the
self-consistent balance between hardening and the diminishing driving force. The reference ODE solver gives an760

equilibrium value of χ = 0.126 MPa, and the PINN predicts χ = 0.126 MPa — agreement to within 0.6% as t̄ → 5.
For the arrest case (Λ = 1.10), the back stress at t̄ = 5 is positive and non-zero — consistent with the slow static
recovery at τrec = 106 s — and the PINN value agrees with the reference to within 0.5%. In the elastic regime
(Λ = 0.95), both outputs are suppressed to O

(
10−6

)
throughout.

The elevated near-threshold error (Λ ∈ [1.00, 1.06]) requires qualification. In this band, the total accumulated765

inelastic strain over the full simulation horizon is of order 10−8 — three to four orders of magnitude below the arrest-
regime strains. The relative error metric divides by this near-zero reference norm; absolute prediction errors of order
10−9 accordingly produce large relative percentages despite being mechanically negligible.

For each stress level in the arrest regime, the predicted arrest time t∗PINN is identified as the time at which the
PINN strain rate first falls below 1% of its initial peak value. Comparison with the Radau reference solution shows770

agreement to within 5% across all arrest-regime test levels, with mean error 2%. The acceleration effect (88), wherein
kinematic hardening reduces arrest time, is quantified by the ratio t∗/t∗0. At the illustrative parameters, the reference
ODE solutions give acceleration ratios in the range t∗/t∗0 ∈ [0.69, 0.88]; kinematic hardening accordingly accelerates
arrest by 12–31% depending on stress level. The applicability of this acceleration to the experimentally calibrated
material system is discussed in Section 6. The PINN reproduces these ratios to within 5%.775

Figure 9 shows the constitutive manifold over the (Λ, t̄) domain, presenting the normalised inelastic strain εin/εin
max

computed from the reference ODE solution at the illustrative parameters listed in Section 5. The three behavioural
regimes derived in Section 3.1 are resolved without ambiguity. Regime I (Λ < 1) is identically flat at zero strain;
Regime II (1 < Λ < 1 + Γ) shows initial flow that saturates at a finite arrested strain; and Regime III (Λ > 1 + Γ)
exhibits monotonically increasing strain throughout the simulation horizon. The arrest boundary t∗(Λ) traces a curve780

on the manifold surface, separating the arrested plateau from the actively flowing region. It follows that the three-
regime classification of Section 3.1 is not restricted to the theoretical analysis but is directly present in the computed
constitutive response. The PINN reproduces this manifold, including the arrest boundary location and the plateau
heights, to within the L2 errors reported above.

6. Experimental Calibration and Validation785

In view of the sub-percent verification accuracy established in Section 5, the constitutive equations are now
calibrated against experimental data to determine whether they represent the behaviour of a real material. The
framework of Sections 2–3 is calibrated to AA7050-T6 aluminium alloy at 174 ◦C using data from the CABT. The
calibration relies exclusively on the coupled ODE system (108) integrated by the Radau IIA method; no PINN is
involved. Since Section 5 has shown that the PINN reproduces the ODE solution to within 0.30% (inelastic strain)790

and 0.24% (back stress), it follows that a PINN trained at the calibrated parameters would reproduce the experimental
behaviour to within the sum of the ODE-to-experiment mismatch and the PINN-to-ODE error — the latter being
negligible relative to the former.

6.1. Experimental Programme

The creep-ageing and back-stress test (CABT) is adopted as the sole experimental protocol. During the loading795

phase, a tensile load is applied and held at constant stress while strain is monitored continuously; the time-resolved
inelastic strain histories so obtained are used for calibration. Upon unloading, the specimen strain is held constant by
the testing machine, and the resulting stress evolution provides a direct measurement of the back stress. All tests were
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Figure 9: Constitutive manifold εin/εin
max over the (Λ, t/τh) domain computed from the reference ODE solution at illustrative parameters (Section 5),

with three-regime classification (I: elastic, II: arrested, III: continuous flow) and the arrest boundary t∗(Λ) highlighted. Colour represents normalised
inelastic strain magnitude.
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conducted on an Instron 5584 testing machine equipped with a temperature chamber maintained at 174 ± 1 ◦C. Strain
was measured with an Instron 2630-107 extensometer.800

In each test, the specimen is loaded at 8 MPa/s to the target stress level and held at constant stress for a prescribed
duration. The rapid loading rate minimises inelastic strain accumulation during the ramp, so that the creep holding
phase begins with negligible pre-strain. Tests were conducted at three stress levels — 137.5, 150, and 162.5 MPa —
for holding durations of 5 min, 10 min, 30 min, 1, 2, 4, 6, and 8 hours; each combination requires a separate specimen,
because the test is destructive. For calibration of the creep response, only the 8-hour holding data at all three stress805

levels are used, since these provide the longest observation window over which the competitive hardening dynamics
can be resolved. The inelastic strain εin(t) is the difference between the measured total strain during the constant-stress
holding phase and the elastic component σ/E, where E = 65.2 GPa denotes the Young’s modulus as determined from
the unloading slope.

The CABT is a testing technique developed by the present author to quantify the internal stresses responsible for810

anelastic recovery [87]. Existing methods for back-stress measurement — incremental unloading [2], strain transient
dip [13], and stress change tests — determine the back stress at a single instant by perturbing the loading condition
and observing the transient response. In the CABT, a specimen is crept at constant stress for a prescribed duration
and then unloaded to zero stress, at which point the strain is held constant by the testing machine. Under this strain-
constrained condition, the back stress manifests as a measurable stress that develops in the specimen and eventually815

saturates, giving a direct measurement of the back stress present at the end of the creep-ageing period.
The saturation back stress χsat is approximately independent of the applied stress level; it varies only with creep-

ageing duration. This stress-independence is consistent with the Armstrong–Frederick kinematic hardening model
adopted in Section 2, for which the theoretical saturation value χsat = c/κ is a material constant. The data used for
calibration are the discrete saturation back-stress values χmax

(
tcreep

)
extracted from each test, which together trace the820

evolution of back stress with creep-ageing time. The complete test sequences at 150 MPa for all hold durations are
displayed as a three-dimensional waterfall in Figure 10.

Two features of the CABT data displayed in Figure 10 directly constrain the constitutive model. The back-stress
rise curves (orange segments) show an initial rapid increase followed by saturation at a plateau value that grows with
hold duration up to approximately 4 h, beyond which further creep-ageing produces no additional back stress. This825

saturation corresponds to the Armstrong–Frederick dynamic recovery term (−κχṗ) in Eq. (30), which limits the back
stress to χsat = c/κ regardless of the total accumulated strain. In addition, the plateau values are approximately
independent of the applied stress level — a feature confirmed across all three stress levels in the full test matrix —
consistent with the theoretical prediction that χsat is a material constant rather than a function of the applied loading.

6.2. Calibration Procedure830

The uniaxial specialisation of the constitutive framework involves seven fitted parameters — σY0, ∆σY , τh, η, n,
c, and κ — and two fixed constants: the reference stress σ0 = 1 MPa (a normalisation constant degenerate with η)
and the static recovery time τrec = 106 s.

The reference stressσ0 cannot be determined independently, because the flow rule contains the compound quantity
η · σn

0; only this product is identifiable from data. The static recovery time τrec significantly exceeds the observation835

window, and the CABT data show no visible back-stress decay after saturation; τrec is therefore fixed at 106 s
throughout.

The experimental data impose physical constraints that restrict the parameter space before fitting begins. At
t = 0, the back stress is zero and the threshold stress is at its initial value σY0. The flow rule then reduces to
ε̇in(0) = (1/η) [(σ − σY0) /σ0]n, and the ratio of any two initial rates eliminates η, giving840

ε̇in
0 (σ1)

ε̇in
0 (σ2)

=

(
σ1 − σY0

σ2 − σY0

)n

(113)

Two such ratios from three stress levels furnish two equations in two unknowns (n,σY0). Once these are determined,
η follows from any single initial rate. The saturation back stress χsat ≈ c/κ is read directly from the plateau of the
CABT data, so that the ratio c/κ is constrained before the full optimisation begins.

The seven parameters are fitted simultaneously to both datasets by nonlinear least-squares minimisation (Levenberg–
Marquardt via MATLAB lsqnonlin) of the combined cost function845
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Figure 10: Three-dimensional waterfall of CABT raw data for AA7050-T6 at 150 MPa and 174 ◦C. Each curve shows the complete test sequence
— load ramp (black), unloading (dashed), and back-stress rise phase (orange) — for creep hold durations from 0.5 h to 8 h. Back stress increases
with hold duration and saturates beyond approximately 4 h.
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(114)

where p = (σY0,∆σY , τh, η, n, c,κ), the first sum runs over the three creep stress levels with continuous time series,
and the second sum runs over the discrete CABT saturation points. The forward model integrates the coupled ODE
system (108) with ode15s at tolerance 10−10. Each dataset is normalised by its characteristic scale — the maximum
observed inelastic strain for the creep data, the saturation back stress for the CABT data — and the weight wχ is
chosen so that neither dataset dominates the combined objective. The solution is verified by initialising the optimiser850

from three independent starting points, all of which converge to the same parameter values within solver tolerance.

6.3. Calibration Results

The calibrated parameters are listed in Table 5.

Table 5: Calibrated material parameters for AA7050-T6 at 174 ◦C.

Parameter Symbol Value Unit

Initial threshold stress σY0 0 (calibrated; fixed at 0) MPa
Threshold increment ∆σY 86.7 MPa
Ageing time constant τh 3552 s
Viscous resistance η 5.42 × 109 s
Stress exponent n 1.39 —
Back-stress modulus c 7.18 × 104 MPa
Dynamic recovery coefficient κ 4756 —
Reference stress (fixed) σ0 1 MPa
Static recovery time (fixed) τrec 106 s

The calibrated model is compared against the experimental inelastic strain histories in Figure 11(a). The model
reproduces the primary creep deceleration and the transition toward secondary creep at all three stress levels with a855

single parameter set. The mean RMSE across the three stress levels is 0.004% strain. The stress sensitivity is also
reproduced, since the creep rate increases with applied stress in a manner consistent with the power-law flow rule. A
slight over-prediction at 162.5 MPa in the late-time region (beyond 5 h) reflects the single-kinetics limitation of the
exponential ageing function (20); the real precipitation process involves an early fast phase and a later slow phase that
one time constant cannot resolve.860

The back-stress evolution predicted by the calibrated model is compared against the discrete CABT measurements
in Figure 11(b). The model recovers both the rapid build-up during primary creep and the saturation toward χsat =

c/κ = 15.1 MPa. The approximate stress-independence of χsat is likewise recovered; the three stress levels converge to
similar saturation values, consistent with the Armstrong–Frederick structure in which χsat is a material constant. The
mean RMSE across the three stress levels is 1.1 MPa. The CABT data constrain the ratio c/κ but not the individual865

values; the individual magnitudes of c and κ are determined primarily by the rate of back-stress build-up observed in
the creep data. The agreement between the model and the CABT saturation data therefore constitutes an independent
check on the coupling between the kinematic hardening dynamics and the viscoplastic flow rule. A PINN retrained
at the calibrated parameters (Table 5) reproduced the Radau IIA reference solutions to mean L2 errors of 0.03% (εin)
and 0.02% (χ); the predictions are overlaid in Figure 11(b).870

6.4. Discussion

The seven-parameter calibration produces a constitutive model that simultaneously reproduces two independent
experimental datasets — creep strain histories and back-stress evolution (CABT) — at three stress levels with a single
parameter set. Several observations merit discussion.
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Figure 11: Experimental validation of the calibrated constitutive model for AA7050-T6 at 174 ◦C: (a) inelastic creep strain histories at 137.5, 150,
and 162.5 MPa with calibrated ODE model (solid lines) and experimental data (markers); (b) back-stress evolution from CABT measurements
(markers) with calibrated ODE model (solid) and PINN predictions at calibrated parameters (dashed) at three stress levels, with χsat ≈ 15.1 MPa.

The CABT provides the only direct experimental access to the back stress in this framework. Without it, the875

parameters c and κ would be determined indirectly from the curvature of the creep curves — a numerically ill-
conditioned procedure, since χ enters the flow rule as a correction to the applied stress and its individual effect is
difficult to distinguish from changes in σY0 or η; the CABT data accordingly resolve this ambiguity through an
independent measurement that constrains the back-stress subsystem.

The calibrated σY0 = 0 is the threshold stress for inelastic flow activation in the Perzyna flow rule — not the880

tensile yield strength measured by a 0.2% offset convention. The two quantities are related but distinct; the tensile
yield strength includes rate effects, strain hardening, and the offset definition, while σY0 is the stress below which the
Macaulay bracket (27) is identically zero and no inelastic flow occurs. This distinction bears on any comparison of
the present calibration with values reported in the age-hardening literature.

The calibrated value σY0 = 0 places this material in the degenerate case addressed by the Remark in Section 3.1,885

where the dimensionless parameters Λ and Γ are undefined and the asymptotic threshold σY∞ = ∆σY = 86.7 MPa
serves as the normalising stress. With σY0 = 0, the initial-rate ratio (113) simplifies to (σ1/σ2)n, and the stress
exponent n is accordingly determined directly from the ratio of initial creep rates at any two stress levels without
requiring prior estimation of the threshold stress.

The regime classification reduces in parallel. The three-regime map collapses to two regimes — continuous flow890

(Λ∞ > 1) and eventual arrest (Λ∞ < 1) — with no purely elastic regime, because every nonzero stress exceeds the
zero initial threshold. At 137.5 MPa (Λ∞ = 1.59), 150 MPa (Λ∞ = 1.73), and 162.5 MPa (Λ∞ = 1.87), all three
experimental stress levels lie well above the asymptotic threshold and are therefore in the continuous flow regime —
consistent with the experimental creep curves, which show sustained creep throughout the 8-hour window without the
strain plateau that would indicate arrest.895

The present calibration contains no arrest-regime data, because all three stress levels lie well into the continuous
flow regime (Λ∞ > 1.5). Experimental validation of the arrest transition predicted by the framework (Sections 3.1–3.2)
would require applied stresses below σY∞ = 86.7 MPa — a regime accessible through stress relaxation or low-stress
creep tests. Such experiments offer a natural direction for future work.

For the same reason, the kinematic hardening acceleration effect derived in Section 3.3 is not directly observable900

in the present dataset. At the illustrative parameters of Section 5, the acceleration ratios lie in the range t∗/t∗0 ∈
[0.69, 0.88], corresponding to a 12–31% reduction in arrest time; evaluating the corresponding ratios at the calibrated
AA7050 parameters would require applied stresses belowσY∞ = 86.7 MPa, which lie outside the present experimental
design.

The one-sided Macaulay bracket adopted in this work permits only forward flow. The anelastic recovery observed905
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after unloading — in which strain decreases under zero applied stress — requires a signed flow rule capable of reverse
inelastic flow driven by the back stress. The present calibration accordingly uses only the constant-stress holding
phase. The static recovery timescale τrec is likewise unidentifiable from the present dataset; its determination requires
either much longer observation windows or controlled reverse-loading experiments.

7. Conclusions910

A constitutive framework has been developed in which the threshold stress is governed by first-order ageing
kinetics and evolves with physical time independently of the accumulated inelastic strain. The back stress follows
a modified Armstrong–Frederick evolution with static recovery, and the two subsystems are coupled through the
Perzyna-type flow rule. Thermodynamic admissibility has been established for all admissible processes through the
Clausius–Duhem inequality (Section 2.4).915

The competition between time-driven threshold evolution and strain-driven kinematic hardening gives rise to three
behavioural regimes — elastic, flow arrest, and continuous flow — classified by the dimensionless load ratio Λ and
hardening capacity Γ (Section 3.1, Figure 5). A constructive Lyapunov function (Eqs. (72)–(76)) establishes that
flow arrest is asymptotically stable; to the author’s knowledge, no comparable stability proof at the material-point
level has been given in the viscoplastic creep literature. An analytical bound on the kinematic hardening acceleration920

effect (Eq. (88)) predicts that back-stress development reduces arrest time by 12–31% at the illustrative parameters
of Section 5. At the calibrated AA7050 parameters, however, all experimental stress levels lie in the continuous
flow regime (Λ∞ > 1.5); the arrest transition itself accordingly awaits experimental confirmation at lower stresses
(Section 6.4).

The parametric PINN formulated in Section 4 approximates the coupled constitutive response over the stress–925

time domain in a single training run. At the illustrative parameters, the trained network achieves mean L2 errors
of 0.30% for inelastic strain and 0.24% for back stress against Radau IIA reference solutions (Section 5, Figure 9),
and reproduces the elastic, arrest, and continuous flow regimes without regime-specific tuning. At the calibrated
AA7050 parameters, a retrained PINN achieves 0.03% and 0.02% respectively (Section 6.3, Figure 11). The smooth
Macaulay bracket approximation with curriculum learning, together with hard initial condition enforcement through930

output subtraction, proved necessary for stable convergence; physical output scaling is required because raw network
outputs and physical field magnitudes differ by seven orders of magnitude.

The constitutive framework has been calibrated to AA7050-T6 aluminium alloy at 174 ◦C using data from the
creep-ageing and back-stress test (CABT) — a measurement technique developed by the present author — whose
loading phase furnishes inelastic strain histories and whose post-unloading phase yields direct back-stress measurements.935

A seven-parameter calibration simultaneously reproduces both datasets at three stress levels with mean RMSE of
0.004% strain (creep phase) and 1.1 MPa (back-stress phase). The independent agreement between the model and
the CABT saturation data provides a direct check on the coupling between the kinematic hardening dynamics and the
viscoplastic flow rule.

The present formulation adopts a one-sided Macaulay bracket that admits only forward flow; extension to a940

signed flow rule would permit prediction of anelastic recovery and the Bauschinger effect under load reversal. The
parametric PINN is differentiable with respect to its inputs (stress and time), and accordingly admits further extension.
Incorporating material parameters into the network input space would furnish a fully differentiable surrogate for
gradient-based inverse parameter identification from sparse experimental data; Bayesian treatment of the same framework
would provide uncertainty quantification for the calibrated parameters. The arrest transition predicted by the framework945

(Λ∞ < 1) has not been validated experimentally at the present stress levels; low-stress creep or stress relaxation tests
below σY∞ = 86.7 MPa would constitute a direct experimental test of the arrest prediction. These extensions lie
beyond the scope of the present work.
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