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Anomalous phenomena, such as diffusion in biological systems, scale-dependent plasticity in thin
films, and electromagnetic wave propagation in complex media, often defy explanation by conven-
tional theories rooted in integer-order calculus. Models based on fractional calculus have proven
effective in capturing such behaviors, yet the fractional exponents they employ are typically intro-
duced as empirical fitting parameters without grounding in the underlying physics. In this work, we
propose that fractional differential equations can emerge naturally through homogenization of mate-
rials with complex microstructures, which are themselves the source of the anomalous behavior that
necessitates a fractional description. Focusing on linear elasticity, we identify precise microstructural
conditions that give rise to emergent fractional behavior. In the static regime, homogenization reveals
that the order of the fractional derivative is directly linked to the power-law exponent of the mi-
crostructure’s autocovariance function. By connecting microscale structural variation to macroscale
material response, our study opens new avenues for designing architectured materials with tailored
anomalous properties. The implications of this work extend broadly across physics, biology, materials
science, and beyond.

1. Introduction:

Modeling material behavior and physical systems using fractional derivatives in their governing equations
has garnered significant attention due to its remarkable ability to describe complex phenomena [1]. These
include, for example, biological tissues, electrical properties of nerve cell membranes, arterial viscoelasticity
[2-6]; Lomnitz’s law and seismic attenuation in geophysics [7, 8]; the fractional Schrodinger equation [9];
fractional Fick’s law for diffusion [10]; and fractional viscoelastic models in multiscale, fractal, and porous
media [6, 11-19], to name a few. Since the foundational work of Torvik and Bagley [6], the modeling of
complex media using fractional calculus has been widely pursued across disciplines, proving highly effective
in explaining phenomena that defy classical theory and in predicting novel behaviors [1, 5, 20-24].

A fractional differential equation is inherently nonlocal. For example, the fractional Laplace equation
in d spatial dimensions with the spatial variable &z € R? can be written as:

(—2)*Pu(z) = f(x), (1.1)

where 0 < s < 2 and (—A)S/ 2 denotes the fractional Laplacian. This operator may be expressed in its
integral form as:

A2 () u(x) — u(y)
(—A)**u(x) = CsP.V. /Rd P dy, (1.2)
where P.V. denotes the Cauchy principal value and Cs is a normalization constant that appears in the
definition of the fractional Laplacian [25] (see Appendix B for more details on fractional Laplace operators).
This should be contrasted with the conventional Laplace equation, which is purely local in nature. Such
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25 distinctions highlight why fractional calculus has emerged as a powerful framework for modeling nonlocality,
26 memory effects, and long-range interactions in complex media [1, 11, 19, 22, 26, 27].

27 Mechanics, notably, has arich tradition of incorporating nonlocal behavior into its theoretical foundations.
28 Early nonlocal elasticity theories, such as those developed by Kroner and Eringen [28, 29], sought to capture
20 long-range cohesive forces and their effects on wave dispersion—features absent in classical elasticity.
s0 Another means of introducing (weak) nonlocality is via higher-order derivatives of field variables. Theories
st of higher-order strain gradient elasticity, originating from the seminal works of Toupin and Mindlin [30-34],
s2 have gained popularity for their ability to model size-dependent phenomena across elasticity, plasticity, and
s3 related subfields.

s«  However, a key limitation of these gradient theories is that they are grounded in integer-order calculus
35 and consequently predict effective macroscopic properties that scale with integer powers of intrinsic length
36 scales. In contrast, fractional-order models, which are inherently nonlocal, have found considerable success
s7 in describing materials where classical theories fall short [22, 35-38]. A compelling example lies in the
ss plasticity of thin films, where experimental data show that the yield strength scales with a fractional power
se of film thickness; behavior not explained by integer-order models. Fractional plasticity models [37] account
40 for this by relating the fractional order of the derivative directly to the observed scaling exponent.

41 Despite the widespread adoption of fractional calculus in modeling anomalous behavior, the physical
42 origin of fractional operators in material models remains poorly understood. Often, integer-order derivatives
43 are simply replaced with their fractional counterparts, and the exponent is treated as a fitting parameter. This
44 might be adequate for reproducing empirical trends but lacks predictive power. This empirical approach
45 leaves unanswered a key question: Which specific microstructural features give rise to fractional behavior,
46 and how do changes in microstructure affect the fractional model parameters?

47 One theoretical pathway involves starting from an energy functional incorporating long-range interac-
4s tions. Thisis typically modeled to decay with a power-law characterized by a fractional exponent. Variational
49 methods then lead to Euler—Lagrange equations that naturally contain fractional derivatives, thereby ratio-
so nalizing the emergence of fractional laws and size-dependent effects. In essence, nonlocal interactions at
51 the microscale, especially those decaying with a power-law, can lead to macroscopic models governed by
s2 fractional differential equations. Separately, homogenization is known to yield effective nonlocal behav-
53 ior in composite materials, and several studies have proposed nonlocal (or nonlocal adjacent) constitutive
s4 stress—strain relations via this route [39-50]. However, classical homogenization [51, 52] is typically limited
55 to periodic or random microstructures with rapidly (e.g., exponentially) decaying correlations, and it often
ss assumes a slowly varying mean field '.

57 In this work, we directly address the underlying mechanism by which fractional derivatives emerge in
ss material models. Specifically, we ask: What forms of microstructural randomness produce a fractional-
se order response in the homogenized constitutive relations? Our central contribution is to demonstrate that
eo fractional behavior can emerge purely from classical linear elasticity at the microscale, without invoking
61 any pre-assumed nonlocal interactions, provided the microstructure has a power-law correlation. This
e2 result provides an explanation for the origin of fractional constitutive behavior and establishes a direct link
63 between the microstructural statistics and the order of the fractional derivative. In a recent work [55],
s4 using a statistical mechanics framework for modeling plasticity, the authors obtained the fractional exponent
es dictating the size-effects in thin film plasticity behavior by linking it to long-range microscopic interactions.
es In contrast, the present work makes no such assumptions on microscopic interactions and thus provides a
67 stronger fundamental principle for the origin of fractional calculus-based material models. A highlight of
es this work is the linking of material microstructure to the emergent fractional order (fractional exponent) of

''We emphasize that the homogenization framework adopted in this work is the ensemble-averaged, finite-body framework of Willis
[39], rather than the classical asymptotic homogenization framework. In classical asymptotic homogenization, under uniform
ellipticity of the moduli and standard scale-separation assumptions, the leading effective response is local; in small-contrast
expansions, the second-order correction is also local and depends on the microstructure through two-point statistics. Spatially
nonlocal homogenized limits generally require more singular settings, such as high-contrast media or loss of uniform ellipticity,
including media containing voids or effectively rigid phases [47, 53, 54]. By contrast, in Willis’ formulation, the effective
constitutive law is defined through ensemble-averaged fields on a bounded body subject to specified boundary conditions. The
resulting effective constitutive operator need not be local on this bounded domain. Consequently, the effective response in this
framework can depend on the size and shape of the body, as well as on the imposed boundary conditions.
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the governing equations. Thus, the proposed principle has implications beyond elasticity and can be extended
to problems in conductivity, electromagnetism, viscoelasticity etc. for exploring emergent fractional models
that could potentially lead to novel design strategies.

In the static setting, our effective constitutive law is derived using Willis’ framework with a perturbative
expansion in the elastic contrast (retaining terms up to second order). We show that when a two-phase random
microstructure governed by classical linear elasticity is homogenized, it yields an effective fractional model
if the phase correlation (or autocovariance) function exhibits a power-law decay. The order of the fractional
derivative is directly linked to the exponent in this correlation. The resulting effective modulus exhibits
fractional size dependence (dependent on the fractional exponent of the size)—a finding that is highly relevant
to recent studies on thin-film plasticity and size-dependent mechanical behavior [37, 38, 55]. The fractional
size effect is specifically demonstrated for a simplified example of anti-plane elasticity. The emergent
fractional constitutive law is also shown for the more general case of a linear 3D isotropic heterogeneous
medium. In fact, we argue that, in general, we can obtain a fractional calculus-based description for any
convolution-type nonlocal integral with a power-law kernel. This appears to be a fundamental new result
that we have not found in the literature.

1.A. Map of the paper

The paper is structured to move from microstructure statistics to effective constitutive laws, and then to the
two principal outcomes: (i) emergent fractional behavior, i.e., effective or macroscopic constitutive laws that
contain fractional derivatives, and (ii) fractional size effects, i.e., effective property scaling with a fractional
power of the feature size of the body. We begin in Section 2 by defining the two-phase random medium and
introducing the statistical descriptors (indicator functions, probability functions, and the autocovariance)
that encode the microstructural information used throughout the homogenization. Section 3 then sets up
the elasticity problem and outlines the perturbation-based Willis framework that converts these statistical
descriptors into ensemble-averaged (effective) field equations. Building on this, Section 4 derives the
effective stress—strain relation in an explicit nonlocal operator form, making clear where microstructural
correlations enter the macroscopic constitutive response.

In Section ??, we specialize the general nonlocal effective law to the static anti-plane setting, where the
displacement is scalar, and the strain is € = Vu. In this simplifying reduction, the effective constitutive
response can be written as a nonlocal operator acting on the mean strain: a local (size-independent) part
plus a correlation-induced correction that admits an explicit representation in terms of fractional operators.
In particular, for a power-law autocovariance tail x(r) ~ 2" with € (0,1), the nonlocal correction
takes an isotropic form built from a linear combination of fractional Laplacians and their derivatives, which
schematically is

pi = () I + Ly + const x (3 vV (—A)~0=m 4 I(—A)"),

thereby making transparent how the microstructural correlation exponent fixes the fractional orders appearing
in the effective operator.

Using the above operator form, we then isolate the fractional (nonlocal) contribution and perform a
scaling analysis on a bounded specimen (e.g., {2 = (2r). By prescribing a representative mean strain inside
2r that is geometrically self-similar > and extending it by zero outside, the fractional operators yield an
explicit algebraic dependence on the domain size R. This leads to a fractional size-effect: the nonlocal
contribution to the mean stress scales as

(o)(@) = (T + Lioc) (€) + const x R=*"  O(x/R)
—_—— ———

local contribution nonlocal contribution

% That is, the shape stays the same as the domain is scaled
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so that the magnitude of the emergent nonlocal correction decays like R 2" while the spatial variation enters
only through some function @ () of the dimensionless ratio « / R. Section 6 analyzes the more general case
of 3D linear isotropic elasticity to obtain the emergent fractional behavior that is much more complex than
the simple example of anti-plane shear.

We close with a brief conclusion highlighting implications and extensions. Technical background on the
statistical correlation functions and the fractional operator machinery used in the analysis is collected in the
Appendices for reference.

2. The microstructure description

We begin by describing the heterogeneous or composite microstructure considered in this work, and detail
some of the important terms characterizing the micro-structure that will be relevant to the analysis in
the following section. We remark that the content of this section is not original and is summarized for
completeness to make this work self-contained.

Consider a statistically homogeneous two-phase random medium occupying a finite (bounded) domain
2 ¢ R? (with d > 1), with random distribution of pure phases ¢ = 1,2. When Fourier methods over R?
are used later, we interpret them either by extending ensemble-averaged fields by zero outside a bounded
{2 (so the relevant fields are compactly supported) or, if 2 = R? is used as an idealization, in the standard
tempered-distribution sense. Let ¢;, L;, and p; denote the volume fraction, elastic modulus, and r(n)ass
(2

density of the it phase, respectively. Here, L; denotes a fourth-order tensor with components L,

2
(k,l,m,n=1,---,d). The ith—phase occupies a volume (2; € {2, and (2 = 'Ul £2;. The 2-phase random
i

medium is drawn from a sample space P(«)) with some probability measure p, and the specific micro-
geometry of any one sample depends on the parameter a. The micro-geometry of a particular realization
a, can be modeled by the indicator (also called characteristic) functions Z;(x; o) of the respective phases,
where i = 1, 2, denotes the i*" phase, and Z;(x; o) = 1 if & € (2;, otherwise 0.

2.A. Covariance function: Statistical description of the micro-geometry

For a given x, Z;(x; «) is a random variable. In general, it is impossible to obtain Z;(x; «) for all possible
realizations « of the random medium. For any meaningful analysis we need to use certain "mean" quantities
that can be realistically obtained. The derivations presented in this section follow closely to those in the
book by Torquato [56]. Here, the mean is the ensemble average taken over possible realizations «v. One such
mean quantity is the one-point correlation function denoted by S Y) (z) (also called the one-point probability
function) which gives the probability that phase ¢ is found at the point . For the phase i it is defined as the

ensemble mean of the indicator function
s (@) = (Ti(z; ), 2.1)

where ( - ) denotes the ensemble average:
Cn= .
P(a)

A 2-point probability (correlation) function Séi) (x1,x2) for the ith phase gives the probability of finding

phase 7 at points @ and a2, and can be obtained from the relation

SN @y, @) = (Ti(x1; @) Ti(wa; ). (2.2)



143 More generally, the two-point probability function with potentially dissimilar phases at the two ends is
144 defined as

SS9 (x1,%2) = (Ti(x1; ) Zj (325 ), 2.3)

145 which represents the probability of simultaneously finding phase ¢ at position x; and phase j at position x».
146 By (2.3) we see that

530 =8, 5@ @) = 51 (@) - 83 (@1, ). @4

147 In this work, we assume that the microstructure is statistically homogeneous and isotropic. A random
14s medium is said to be statistically homogeneous if the probability functions do not depend on the absolute
149 positions (a1, x2), and instead depend on their relative position vector as @1 — xo. Statistical isotropy
150 implies direction independence or rotational invariance, and hence the probability functions depend on
1s1 relative distances |1 — @2/, i.e., they are translation invariant for an infinite medium. This implies that the
152 one-point probability function in (2.1) is independent of & and takes a constant value equal to the volume
153 fraction:

S =g (i=1,2). (2.5)

154 The two-point probability function in (2.4) depends only on the relative distances between the points,

155 |€1 — @2|. Hence, Sél)(:cl,mz) = Séz)(|w1 — x3]).

156 Let the relative position vector of two points be denoted by » = &1 — @2, and r = |r|. It is convenient
157 to introduce the autocovariance function x(r), defined as

X(r) = ([(Ti(x1) = 61) (Ta(xa +1) = 61)]) = S57 () = &,

158 It can be shown that the autocovariance of phase-1 is equal to the autocovariance of phase-2 (see (A9) in
15 Appendix A). Any realizable x(|x; — @2|) is subject to some (necessary but not sufficient) non-negative
160 conditions [56]. We observe that in the limit |z — x2| — 0,

lim  x(jzr—22) = lim S (21— 2)) — 6 = 61 — ¢} = di6e. (2.6)

‘:B1—9:2‘—>0 ‘:1:1—:1:2|—>0

161 If there is no long-range order — meaning that as |x; —x2| — o0, the events at x; and x2 become statistically
162 independent — then we have

im S (|1 — @al) = (Ti(@))(Ta(x2)) =63 = lim x(r)=0. (27

|1 —a2| =00 r—+oo

163 Due to the binary nature of Z;(x), the bounds on Séi) are easily found to be, 0 < Sg) < ¢;. Using these
164 bounds in (A9), we can find bounds on x which can be written as,

—min{¢7, ¢3} < x(r) < P19 (2.8)
165 Another condition is on the slope of x(r) being negative for all non-trivial volume fractions [56, 57], i.e.,
d
Xy 29)
dr r=0

166 For more details on the properties of x(7), and n—point probability functions of random heterogeneous
167 media, we refer the readers to the book by Torquato [56].
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Figure 1: Autocovariance functions with exponential behavior in the core region (shaded in red) and a
power-law decay outside the core region are shown: (a) x(7) in real-space, (b) Fourier transformed
autocovariance J x| vs. the wavevector x. Keeping all other parameters fixed,
a=1,r,m =1,¢1¢02 = 0.25, only the power-law exponent is varied. The value of the power-law exponent
2n determines the rate of decay, making it slower or faster. The purely exponential decay is shown by the
solid black curve, which is typical of the commonly studied two-phase random composites. The Fourier
transform of x for 2n = 0.5 is not defined and is not shown in the Fourier space.

Generally, the function x(r) is assumed to decay very rapidly as 7 increases, and is typically of the expo-
nential form e~"/%, where a is the decay length scale. Here, we consider the case where the autocovariance
has a slower power-law decay (algebraic). Unlike the exponential correlation, power-law correlations do
not have a finite correlation length scale. Power-law distributions are abundantly seen in many naturally
occurring phenomena like galaxy distributions, biological structures [S8—60], and porous materials [61]. By
taking into account the conditions on x stated above, we propose the following form of x(7):

Propp eV = AT/, if0<r<r,

x(r) = (2.10)

e—rm/a

1
2 2 -
G1par) = Ap(rm)rn?m, if r>nry,

where, A. = ¢1¢2, Ay = @1 ¢26_’"’"/ @ and ry,,a > 0 are constants. For more details on the derivation of
the statistical quantities, see Appendix A. The above form of the piecewise autocovariance allows for a core
part inside a sphere of certain radius r,,, which is taken to be of the exponential form. The exterior region
of the core, outside the sphere with radius r,,, has a power-law decay, and the proposed form of x ensures
continuity of the autocovariance at the spherical surface of radius 7.

Figure 1(a)-(b) shows the autocovariance functions in real-space and Fourier-space plotted for different
values of the power-law exponent 27. The core radius is fixed at r,,, = 1 and the volume fractions are
arbitrarily chosen such that ¢ ¢2 = 0.25. For reference, we also show the pure exponential autocovariance
(solid black curve), which is typically observed in the study of most random composites. The power-law



183 exponent 27 determines the rate of decay of x. Note that for y with 7 = 0.5 < 1 (shown in blue), the Fourier
184 transform of the autocovariance function denoted by F[x](x) is not well-defined as the integral diverges.
185 Hence, although we show the real-space form of  in 1(a), we have not shown its corresponding Fourier plot
18 in 1(b). We can notice from figures 1(a)-(b) that, as is well-known, the wider the spread of x in real-space,
187 the more localized (narrow spread) it is in the Fourier space.

188 2.B. Statistical description of the microstructure moduli

18s The elastic modulus of the inhomogeneous medium in the realization «, represented by L(x; «), varies with
190 position & , and can be expressed using the indicator functions as,

2 2
L(z;a) =Y LiZi(z;a), = (L)(z)=Y LS\ (x). 2.11)
i=1 =1
191 The linear elastic constitutive relation between stress and strain is given by
1
o(xz;a) = L(z; a)e(x; ), €= §(Vu +(Vu) ") (2.12)
192 where o, €, and u is respectively the elastic stress, strain, and displacement. Suppose that the overall

193 heterogeneous body (2 is subject to an applied body force f and the boundary displacement is prescribed as
194 u = ug on Jf2. Then the equilibrium equation for the inhomogeneous elastic body can be written as

dive(z;a)+ f(x) =0 in (2,

2.13
u(x) =ug on I @13
195 which is also the Euler-Lagrange equation of the variational principle:
1
min{[[u] :/(QVU-LVu—f'u) : U = ugon 8(2}. (2.14)
w 0

196 Here and subsequently, we omit the explicit dependence on x and « for brevity, reintroducing it when
197 necessary for clarity.

19s 3.  Homogenization using perturbation theory a la Willis

199 Our goal is to find an effective description of the equilibrium equations in terms of an effective modulus
200 denoted by L,.. Willis, in several of his works [39-41, 44-46, 62], has proposed homogenization techniques
201 and variational principles to determine the static and dynamic effective properties of heterogeneous media.
202 In this section, following the methodology of Willis [40], we briefly summarize the macroscopic governing
203 equations and the effective modulus operator for elasticity within a perturbation-based framework. These
204 equations serve as the starting point of our work. The elastic modulus, stress, strain, and displacement fields
205 are all dependent on the realization « of the sample under consideration. To get an effective prescription,
206 we will look for relations connecting the ensemble averages over all realizations « of the sample. Taking
207 the ensemble average of (2.13) over all realizations yields,

(0)(z) = (L(z)e(z)) =: L.({€)(z)). 3.1

208 The above equation also defines the effective modulus or effective operator L., which relates the mean
200 strain field to the mean stress field. In the Willis framework used here, L, should be understood as an
210 effective operator defined through ensemble-averaged fields on a finite domain {2 subject to prescribed
211 boundary conditions. Consequently, for finite {2 the kernel representation of L, is, in general, dependent
212 on the chosen volume element and on the imposed boundary conditions, and the associated nonlocality



213 is a finite-volume/general-BC effect. A classical local homogenized modulus (obtained from asymptotic
214 homogenization) may be recovered in regimes where an appropriate infinite-domain / long-wavelength limit
215 exists and the resulting effective response becomes independent of boundary conditions and of the particular
216 choice of (2.

217 We will characterize the effective operator L, by a perturbative method. To proceed, we introduce
218 a reference homogeneous medium Ly and denote by o, €y, and ug the corresponding solution for the
219 homogeneous medium subject to the same boundary condition as in (2.13),. For simplicity, we choose the
220 reference medium’s modulus as Ly = (L). Denote by G(x, x’) the Green’s function for the homogeneous
221 reference body satisfying

0 .
87 [(LO)imlkGlj,k(wa a:’)] = —(5(:13 — w')éij m .Q, (3 2)
Gij($7m,):0 Vaedl,

222 where d;; = 1 if i = j and vanishes if ¢ # j, and () is the Dirac function. In terms of the Green’s
223 function (3.2), we have

wi(@) = [ Gijle.a)fy(a) da

224 For the inhomogeneous problem (2.12)-(2.13), let
7(x) = (L — Lo)e(x) = dLe(x) (0L =L — Ly) (3.3)
225 be the stress polarization. Upon rewriting (2.13); as
div((L — Lo + Lg)e) = div Loe + divT = — f, (3.4)

226 we see that the solution to (3.4) can be written in terms of the Green’s function (3.2) for the homogeneous
227 reference medium as

ui(x) = /Q Gij(z, x')(divy 7)j(x) de’ + ug;(x). (3.5)

228 Recall the kinematic relation between strain and displacement (Cf. (2.12)). Differentiating (3.5) w.r.t = and
220 Symmetrizing, we get the strain € in the original material in terms of strain in the reference medium €g and
230 the stress polarization

e=¢ —I'T, (3.6)

231 where

[0}

/ /
v
2\ 0,01, ;0 )m’“(m )z 3.7

232 is a nonlocal linear operator, i.e., a spatial convolution. Combining relations (3.6) and (3.3), we get

e =¢y— I'(0Le) (3.8)

233 In Equation (3.8), if L(x) — Ly = 0 L(«) is small, we can apply perturbation theory to perform further
234 analysis. To simplify the analysis we choose the reference medium with Ly = (L). Now, we express the



235 actual strain in (3.8) as a perturbation about the mean,
€ = (€) + J, (3.9)
236 Ensemble averaging relation (3.8) gives,
(e) = g — I'(0 LJe). (3.10)
237 Subtracting (3.10) from (3.8) and using (3.9) we get,

0e = —I'0L{e) — I'(§Lée — (0 LJe)) (3.11)

238 We assumed d L to be small, then de is also small, and the relation in (3.11) can be applied iteratively to
239 get,

e = —T'0L(e) — F(éL(—F{SL(e) — I'(6Lée — (5Lo€))) — (6L(—I'SL{€) — I'(5Loe — <5L66>))>>

— de=—I'6L{e) + F(aLmL - (6LF5L>) (€) +...
(3.12)

240 We can now rewrite the expression (3.1) for mean stress in terms of the mean and perturbed strains as,
(o) = (Le) = L,(€) = (L)(€) + (§ Lje). (3.13)
241 Substituting (3.12) in (3.13), the mean stress upto second-order can be written as,

(o) = L.(€) = (L)(e) — ((5LF6L) — (SLISLITSL) + ... ) (€)

(3.14)
= (o)(z) = (L)(z)(e)(x) — ((0L(z) I (z,2')sL(z"))) (€} ().
242 Thus, the expression approximating the effective operator L, is obtained as,
L.(z) ~ (L)(z) — (§L(x)'(x,z')dL(z)). (3.15)

243

244 In the expression above we have omitted the higher order terms in the perturbation expansion. The
245 effective modulus is a nonlocal operator which has a local contribution from the mean of the moduli of the
246 constituent phases, and a nonlocal contribution from the second term. The second term operates as a spatial
247 convolution as stated in (4.1) below. The effective governing equations at this point can be written in terms
248 of the effective modulus by taking the ensemble mean of (2.13) as,

divie) + f=0 in €,

. . (3.16)
— divL.,(e)+ f=0 in Q,

249 Note that until this point we have not used information on the form of the autocovariance x, and
250 the problem is still general in that sense. Alternative ways of determining the effective modulus through
251 variational principles were given by Willis [39—41, 44-46] by connecting the Hashin-Shtrikmann variational
252 principles to classical energy principles.
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253 4. The nonlocal effective operator for 3D isotropic elasticity

254 As discussed in the previous section the effective modulus L., has a nonlocal contribution from the second
255 term. We now focus on the second term to further analyze and derive a more specific form for it. Using the
256 expression (2.11) for the modulus in the second term of (3.15) we obtain

(GLISL)(e)(@) = > Li /Q (@, 2)L; (557 (@,2) - s (@) (@) ) (e} (@) da'. 4.1
(i)=1

257 If the mean strain varies on a length scale much larger than the effective support/correlation length of the
258 kernel in (4.1), then we may approximate (€)(z’) ~ (€)(x), yielding a local constitutive approximation.
259 This is a long-wavelength approximation and is not generally valid for kernels with long-range correlations.
260 At this point, however, we do not restrict ourselves to slowly varying mean fields.

261 Next, we focus on the probability functions in (4.1), and our assumption of statistical homogeneity,
262 allows the two-point correlation functions to be written as Séij ) (z, ') = Séij ) (x — 2'), and the one-point
263 correlation functions take constant values equal to the volume fractions of the corresponding phases, i.e.,
264 SY)(:I:) = ¢;. Then, the probability terms in (4.1) can be written in terms of the autocovariance function
265 denoted by x(|z — x'|) using the relation (2.4) (for derivations see (A9) and (A4) from Appendix A).
266 Specifically, we get,

5 (@) - 5V(@)5] @) = 87 (@) - 5P @50 @) = x(le -2,
88 (@,2) - 5\ ()5 (@) =S¢V (@, ') - $P ()8} (@) = ~x(|= — @),
267 Using these relations in (4.1) and expanding the summation gives,
(SLTSL)(e) = > L, / I'(z,2')L; (55“) (z,2') — SV (x)s§j>(m')) (e)(a') dz’
. N
i (4.3)

_ /Q ALT(z,2')sLx(|z — 2'|) () () da',

268 where AL = L — L is the stiffness tensor difference between the two phases.
269 To further simplify the expression, we make the following observations and assumptions:
270 1. Local singular structure of the reference Green operator. Let G (x,x') denote the Green’s

271 function of the homogeneous reference medium posed on the bounded domain 2 ¢ R? with the

272 prescribed boundary conditions, and let G(x — x') denote the corresponding free-space (infinite-

273 medium) Green’s function on R?. The operator Iy constructed from G, (via the second-derivative)

274 has a bulk singularity of order | — m’]*d as x — x’. Accordingly, the singularity of I', is more
275 explicitly stated by writing the nonlocal operator in the form,

Gz, x')

Iz, )= """ + K(z,z 4.4

Q( ’ ) |33—1B/’d + ( ) )7 ( )

276 where G is a bounded fourth-order tensor-valued function on the unit sphere (no poles). The

277 remainder kernel, Kp is non-singular (smooth, no pole at * = x’) in the bulk and encodes the

278 boundary-correction effects. For instance, in linear isotropic elasticity in RY, the free-space Green’s

279 function G has the form
Gx—2')=AIV?x—x'|+ BVV|x — 2], 4.5)

280 where, A, B are some real constants related to the material’s lame parameters, and we can see that



11

281 differentiating twice yields the singular behavior |x — m']_d.
282 2. Bulk-kernel approximation for the nonlocal operator. For most finite geometries {2, obtaining
283 G (and hence I';) may be difficult. We therefore simplify by adopting a bulk-body approximation
284 in which the nonlocal constitutive kernel is approximated by its translation-invariant infinite-medium
285 counterpart:
/

FQ($,3:’) zl—'(w—m’)’ I’(m—m,) = m (4.6)
286 This approximation is justified for interior (bulk) response because the boundary correction K in
287 (4.4) is non-singular and does not modify the local singular structure that determines the fractional
288 order obtained from the power-law tail of y. Consequently, using I" affects only smooth and other
289 geometry-dependent lower-order corrections, while preserving the emergent fractional scaling.
290 3. Finite-domain implementation and size dependence. Although (4.6) uses the infinite-medium
291 kernel, the specimen remains finite through the domain of integration and the exterior/boundary data
292 imposed on the macroscopic field (e.g., via a compactly supported or prescribed extension outside
293 (2). Therefore, finite-size effects enter through truncation by {2 and the associated exterior/boundary
294 condition, and are not in contradiction with the bulk-kernel approximation. In particular, when x(r)
295 has a power-law tail, the resulting nonlocal contribution scales algebraically with the specimen size,

296 yielding the fractional size-effect reported in Equation (5.37).

27 With the above approximations, we now use the form of autocovariance given in (2.10), with the value
208 Of 7) restricted to the limits such that 2n) € (0, 1), and substitute in (4.3).

209 Then, splitting the integral in (4.3) into a core region where r < r,,, and the exterior where r > r,, we
300 get,

AL/Q I'(z,z")aALx(Jz — 2'|){€)(2') do’
G(x,x')

mAL(d(d) d’

4.7)
s01 In the core region, r < ry,, for small r,, we can approximate (€)(z’) ~ (€)(x), so the integral with respect
s02 to 2’ in the first term is reduced to a local tensor operating on (€) (). The second integral gives the nonlocal
303 contribution of (€)(x’) to the mean stress, with the kernel decaying as a power-law. The second integral on
so4 the right hand side in (4.7), is evaluated on the exterior of the core, i.e., for r > r,,. We approximate this

a0s integral by a one defined over the entire domain 2 but taken in the Cauchy Principle Value sense,

G(x,x')

/|d

/
= AeAL/ MALe(*kc*w,'/a)@)(a/) da’ + ApT?#AL/

r<rm ‘:1: B 33/|d T>Tm

AL /Q I'(z, 2 )aLx(|Jz — ') (e)(z') da’ ~ <A6AL / ALe~l2=2'l/a) da:’) (€)(x)

<rm |$ -

Lloc
G(z, z')

2n _ I\
+ Apr AL P.V. Q\x—w’\d“’i

AL{€)(z') dx'.

4.8)
sos The last integral in (4.8) should be taken in the Cauchy Principle Value (P.V.) sense as defined later in (5.7).
s07 The expression on the right hand side in (4.8) can be viewed as a sum of the local operator Lj,. and the
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nonlocal operator A;n10c, acting on the mean strain. These operators are defined as,

Ligc{€)(x) = (AL / Aeg(‘”—’ﬂe“'m"/%L dm’) (e)(),
rsrn [ AL (@) 4.9)

’113 _ wl‘d—i—?n

2 g(
Anonloc(€) () = Apri ] AL P.V./ da’.
¢,
The operator Ay on1oc has a power-law kernel and so the integral is interpreted in the principal value sense.
Finally, using (3.14) we can express the mean stress via a nonlocal effective modulus operator on the mean
strain as,

(@) = Lufe) = ((L) + Lioc + Aontocan ) (€): (4.10)

Equation (4.10) is a second-order small-contrast approximation for the effective modulus valid for the general
case of 3D isotropic elasticity.

5. Emergent fractional-derivative operators in effective constitutive law for anti-plane elas-
ticity

Our goal is to further analyze the nonlocal operator A on10c in (4.9)2 to extract the effect of the power-law
decay of the nonlocal kernel. During the analysis we will establish a direct correspondence between power-
law kernels and fractional Laplacians (along with their derivatives), thereby relating Green’s function-type
representations (convolutions) and their Fourier symbols. This correspondence will generally serve as a
useful mechanics tool for modeling nonlocal properties of materials via fractional derivatives as extensions
of local differential operators. In Appendix B, we formally derive this correspondence between the Green’s
function (and its derivatives) obtained from classical and fractional Laplacian operators, and their Fourier
representations.

For simplicity, we demonstrate the results for the case of anti-plane elasticity, so that we are only
concerned with the scalar displacement u(x), and the strain € = Vu becomes a vector. The elastic tensors
of the two phases are taken to be scalar constants, which are the shear moduli of the two phases denoted by
w1 and po, and their difference is denoted by A 1 = py — po. The elastic tensor L(x) is now simply the
scalar shear modulus p(x). The problem now is to simply evaluate the expression (4.10) for the case of 3D
anti-plane elasticity, with the nonlocal term A, 10 being the major focus of the analysis.

Fourier transform convention and interpretation of singular kernels: Throughout this section, for a
function f(x), we use the (infinite-space) Fourier transform convention where hats denote the transformed

function”:

dk
(27m)3

fe) = Fifik) = | fl@)e T de,  fl@)=Ffl@) = | fk)et

We begin by noting that the Green’s function for the reference medium in 3D for anti-plane elasticity is
given as,

G(r)=A/r, (5.1
where A is a constant related to the reference medium’s shear modulus. The operator I” for this reference

* In the following, the factor 1 /(27)% in the inverse is dropped for notational brevity. When the physical domain 2 is bounded,
we extend (€)(x) by zero outside (2 so that the Fourier integrals are well-defined (compact support). When {2 = R? is used
as an idealization, the Fourier manipulations are interpreted in the standard tempered-distribution sense (equivalently, acting on
rapidly decaying test functions / fluctuations); singular integrals with kernels like |z — a:'|_3_2" are understood in the Cauchy
principal value sense.
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ass medium, which is the second derivative of the Green’s function, is given by,

e _3 . _3 .
Iij = drior, " (=3A7irj + Adij) = r7°Gij(7), (5.2)
337 where r, = x3, — :c§i with 7; denoting the unit vector, and G;;(7) = —3Ar;7"; + Ad;j is a second-order tensor

ass valued function defined on the unit sphere. Using (5.2) in the expression (4.9)o for the nonlocal operator
339 Aponloc, and taking the Fourier transform gives,

F [Anontoc(€)(x)] = F {Apr%f(g M)Q . W dw’}

= A2 A ) (= 3F [ 20] + F [17 ) b)) F l(e); ()]

(5.3)

s10 Here, the integral over {2 is extended to R3 by noting that (€)(x) = 0 outside £2. The Fourier transforms,
s F [r*?’*znfifj] and F [7‘*3*2’7], appearing on the right hand side of (5.3) can be related to the Fourier
s42 transforms of appropriate fractional Laplacians and their higher-order derivatives, which is now shown
343 below.

ass A fractional Laplace operator, (—A)?®, is a nonlocal integral operator that generalizes the notion of
a4s the standard Laplacian to fractional ordered spatial derivatives. More detailed discussion on the standard
a4s Laplace equation, fractional Laplace equation, and their Fourier representations and appropriate function
347 spaces is presented in Appendix B, and here we just introduce important concepts that will be needed in our
ass analysis. For s € (0, 1), the positive fractional Laplacian (—A)®*u(x), and the negative fractional Laplacian
a9 (—A) *u(x) are defined via the integrals as [25],

u(x) — u(x')

(—A)*u(x) = C(d,s) P.V. / da’, (5.4)

Rd ‘33 _ wl|d+2s

350

u(x’
( ,|2125 da’, (5.5)

(—A)u(z) = B(d,s) /

Rd | —

st where, C'(d, s) and B(d, s) are the normalization constants that depend on the dimension d,

1 —cosz -1 COS 21 -1
C(d, S) = (\/Rd W dz> s B(d, S) = <\/Rd W dz> s (56)

ss2 and P.V. denotes the principal value of the integral expressed as the limit,

— / _ /
P.V. / u(@) &) i u(@) — ) o (5.7)
Re |T — /|2 =0 JRi\B. (z) | — @'|0H?

ss3 The Fourier representation of the fractional Laplace operator in (5.4) is equivalent to a pseudo-differential
354 operator characterized by the symbol ]k\QS and is given as,

Fl(=A) u(x)] = [k|* Flu(=)], (5.8)
sss where k is the transformed variable, and for a negative fractional Laplacian this becomes,

Fl(=2)u(@)] = k|~ Flu(x)]. (5.9)

356 One way to generalize the notion of higher-order fractional Laplacians is through their Fourier repre-
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ss7 sentation and Green’s function representation. Consider a fractional Laplace equation for a positive general
sse fraction p > 0 given by,

(—A)Pu(x) = f(x), p=m+s, se(0,1), m=|p], (5.10)

ss0 and u, f € C°(R?) are smooth functions. The solution u(z) can be formally represented by taking the
seo inverse of (5.12) and using Green’s function type integral representation,

@) = (27 f@) = [ P

— ! ! A1
i) de (5.11)

ss1 The corresponding Green’s function and its Fourier symbol, denoted by G () and G() respectively, can be
se2 formally represented as,
B(d,p) g

c:(p)(m):r:c\d_zp and GO (k) = F[GP ()] = k|72, (5.12)

sss where, B(d, p) is the normalization constant as defined in (5.6).

se4 It can be shown that (see Appendix 2 for a formal derivation), the Fourier transform of the 2m!"-order
ses partial derivative of the Green’s function G (P) can be obtained as:

P

a® (k) = }-[G(P) (z)] = ]_—Hm’—d—&-ng(P) (z)] = (—1)mifi o kigm‘k‘_% (5.13)

1817 l2m 1 12m i1+ l2m

3ss where

g(P) (z) = |$’d+2SG(p) (z),

i1°+i2m A1 i2m

367 is a smooth tensor-valued function on the unit sphere, and the hats denote unit-vectors.

see  Now for the case m = 0, we have p = s, and taking the Fourier transform of the second gradient of the
s60 Green’s function G®) from (5.12) with d = 3, we get,

Y (k) = FIGE) (r)]

4 it

— B(d, s)( — (=34 28)F[r3720-9]5,; — (=3 + 25) (=5 + 2s)f[r*3*2<1*8>mfj]) (5.14)

= B(d,5)((1+ 20)Fr=* 28y — (1+ 20) (3 + 20) Fr 2737 ).

a70 where we have setp = 1 — s, and as s € (0,1) sodoesn € (0,1). Since the derivative operator in real space
a7t becomes a polynomial multiplier in the Fourier space, then the Fourier transform of the second gradient of
a2 G) in (5.12) can also be written as,

GU (k) = FIGY) ()] = —kik; FIG®)| = —kik; k|2 = ks Ko|>". (5.15)
a7s To obtain the Fourier transform of the Laplacian of the Green’s function G¥), we simply set ¢ = j or take
a7+ the trace in equations (5.14)-(5.15) and get,

G (k) = FIG) (r)] = B(d, s)( —(1+ 277)277]—'[7“’3’2”]) = —|k|>". (5.16)

K13
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375 Multiplying(5.16) by 1/2n and adding it to (5.14) we get,

G 0) + 5-GL, = ~B(d5)(1+ 20)(3 + 207> 1)

0

. (5.17)
= —kik; k| 7> — %|k|2"5ij-

s7e Thus, we have expressed the Fourier transform F [r*3*2’7ﬂf*j] in terms of the Fourier transforms of the

s77 derivatives of the Green’s function G(5). Using (5.17) and (5.16) in (5.3) we get,

F [Apontoc(€)]; = AprZT A(A u)2( — 3.7-"[ 320y A] + .7:[ *3*2”} 5¢j>]:[<e>j(:c)]
_ ApEA

~ B(3,s)(1+2n)(3 +2n)
_ ApEAQ

- B(3,s)(1+2n)(3+2n)

3420 a-n . |
G ’7)5@»] k) (s5.18)

’Z]

e 1 o
3 (G@ D0+ -Gl “(k)ézj) -

3 (—kikj!k\_z(l_")) + \k\%’&'j] (), (k).

a7s From (5. 15) we see that the Fourier symbol —£;k; ]I{:]*Q(l*”) represents the second gradient of the Green’s

s79 function, G which in turn (from (5.5) and (5.12)) characterizes the negative fractional Laplace operator

ki -] ’
aso (—A)” (=) Thus, taking the inverse Fourier transform in (5.18) and using the correspondence between

ss1 the differential operators and their Fourier space representations we get,

April A p)?

Anonloc(xa x,) <€> (m) = B(3, 8)(1 + 217)(3 + 277)

<3VV(—A)‘(1_") +I(—A)’7) (e)(x), (5.19)

se2 where (—A)~U) is the negative fractional Laplace operator with fractional order (1 — 7)) € (0,1), and
ass (—A)" is the fractional Laplace operator with fractional order n € (0, 1).

ss«  Thus, from (4.10), the effective modulus operator for the case of anti-plane elasticity can be expressed
sss in terms of the fractional Laplacian and the gradients of the negative fractional Laplacian as,

Aprat A(a p)?
B(3,5)(142n)(3+ 2n)

poe = () + Lo +
—_———

Local terms

<3VV(—A)(1”) + I(—A)”) . (5.20)

sss Here, the effective shear modulus g is a nonlocal second-order tensor valued operator and is isotropic in the
ss7 sense that it is equivariant under all rotations. Note that we do not explicitly show the local contributions to
ass the effective modulus as our focus in on the nonlocal terms. The fractional ordersn € (0,1)and 1—n € (0,1)
ss9 appearing above in the effective modulus are completely dictated by the composite microstructure through
ae0 the power-law exponent, 27, of the autocovariance function x o 1/ r2n (see (2.10)). The results from this
se1 section can be extended to the general anisotropic elasticity case where the operator I" will have a more
se2 complicated form, but can still be expressed in terms of Green’s functions (convolution type integrals with
ses power-law kernels) and its derivatives obtained as solutions to the standard and fractional Laplace equations.
394

se5 5.A. Scaling of the nonlocal operator: Revealing the fractional size-effect

ses In (5.20) we have established the nonlocal term as a linear combination of fractional Laplace operators and
se7 it’s derivatives. These nonlocal terms encapsulate all the emergent size-effect, and here we want to extract
see that effect. Hence, we will analyze only the nonlocal terms in (5.20). In the following analysis, assume for
s00 simplicity that the domain 2 = 25 is a ball Bg(0) := {x € R? : |z| < R} of radius R centered at the
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400 origin. To show the size-effect, we assume the mean strain to be non-zero inside the body and 0 outside,

B (e)(x), x € g,
(e)(z) = {0’ . (5.21)

401 and also assume that the strain is geometrically similar (profile-shape is maintained) as the domain is scaled,
402 as stated in (5.25) below. The mean-stress can be written using (5.20) as,

(o) = (Local terms) (€) 4 P 727 (3VV(—A)_(1_") + I(—A)”) (€), (5.22)

403 where, the "Local terms" contain the local contributions (size-independent), and the constant P =
a0s (ApA(L ,u)Q) /(B(3,s)(1 + 2n)(3 + 27n)) introduced for brevity, depends on the microstructure infor-
405 mation.

a6 First, consider only the fractional Laplace operator (—A)" with n € (0,1) acting component-wise on
407 (€), which written in the integral form is (see (5.4)),

(~ayee) = cpy. [ I g 5.23)

408 Now we introduce dimensionless variables,
=Ry, =Ry, ly| <1, (5.24)
a9 so that dz’ = R® dy’. As the strain is geometrically similar, we have
(e)(x) = E(x/R) = E(y), x € g, (5.25)
410 for some fixed reference mean-strain profile E(y). Then,

(-aye)ry) = O [ FU S

_C@,n) [ E(y)-EW) .,
R Jgs |y —y'[320

R3 dy’
(5.26)

411 The integral in (5.26)5 consists of non-dimensional variables ¢ and y’ only, and so we can define the
412 dimensionless function

E(y) - E(y')

F =
W =cn | TP

dy’ = (—4y)"E(y). (5.27)
413 Then, for any « € 25 with |x| < R it follows from (5.26) and (5.27) that,

1 T 1
(~2)()(@) = 15 F (5) = 7 (~24)"E(y). (528)
s Thus, the fractional Laplacian term scales like R~2", with the dependence on position encoded in the
#15 dimensionless variable x/R.

se  For the VV(—A)~(=" term, first consider the inverse fractional Laplace operator (—A)~(~") acting
417 component-wise on the mean-strain:

@)

rameTE (5.29)

(—2)" 0D e) () = B(3,1 1) /

RS
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418 for some constant B(3, 1 — ). Taking the second gradient, we can write
VV(=A) ") (x) = | H(x—x')(e)(a') da’, (5.30)
R3

419 where H is a matrix-valued kernel. Dimensionally, the negative fractional Laplace operator kernel goes
a0 as, (—A)"0 o |z — 2'|"1F27 and each gradient introduces a factor ~ |& — x|}, Therefore, the
421 kernel H is homogeneous of degree

HOr)=X"C20H(r),  AeR, A>0, (5.31)
422 i.e., H has the same homogeneity exponent as the kernel of (—A)"”. Knowing this, now we apply (5.30) to the

423 same mean-strain field inside the body as described in (5.25), and again perform a similar non-dimensional
424 analysis by setting * = Ry and ' = Ry’, with |y| < 1 which gives,

VV(-2)" 106 (Ry) = [ H(Ry ~ Ry)EG)R @y 532

425 Using the homogeneity of H we have

1 / / /
VV(2) e (Ry) = o [ H - 9B dy (5.33)
1
= ﬁG(y)v (5.34)

426 with the dimensionless function G(y) defined as,
Gly):= | Hly-y)B)dy = VyVy(=4y) " E(y). (5.35)

427 Thus, for any @ € 2 with |x| < R we have the second gradient of the negative fraction Laplace operator,
428 with fractional order 1 — 1), scaling as R~27,

1 1
VV(=2) 0N e)(@) = 156 (5) = 7 Vo Vu(-2) VE(). (536)

429 Using (5.28) and (5.36), the scaling of the nonlocal term A, o,10c is determined, and the mean-stress from
430 (5.22) is obtained as,

ol x x
(o) (x) = (Local terms)(€) + Pﬁ <3G <E> +F (E)> , Ve € 2, or, 537
2n :
(o)(Ry) = (Local terms)E(y) + P% (3Vyvy(—Ay)f(17”) + I(—Ay)"> E(y).

431 This shows that the mean-stress scales as R_2’7, i.e., a fractional size-effect—dependent on the fractional
s32 exponent of the size of the body, while the x-dependence is entirely through the dimensionless ratio «/R.
433 Note that the functions G and F' are dimensionless and do not contribute to the size-effect. Also, it is em-
434 phasized that the fractional exponent 27 is directly determined by the microstructure via the autocovariance
a5 function x (), which has the power-law exponent 27).

a6 6. Emergent fractional-derivative operators for 3D isotropic elasticity

437 We now outline the fractional form of the nonlocal operator in (4.9), for the case of three-dimensional static
438 linear isotropic elasticity, i.e., the random heterogeneous medium is made of two isotropic linear elastic
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439 phases. So the effective constitutive relation we work with is the same as in (4.10) but now evaluated
440 for the isotropic case. In particular, we will focus on evaluating the nonlocal term Aopnjoc(€) () for the
441 isotropic case and showing the emergence of fractional derivatives. As in Section 4, we work in the bulk
442 and approximate the Green’s function of the reference medium by the infinite-medium Green’s tensor. This
443 1s consistent with the discussion and assumptions preceding (4.7), where the singular behavior of the kernel
444 1s obtained from the infinite-body reference solution.

445 Let the reference medium be isotropic with Lamé moduli \g, p0, and let
Loijki = Mo 0ij0k1 + po(dixdji + di10)

s denote its elasticity tensor. The displacement Green’s tensor G, (r), withr = x — X/, is the Kelvin solution
447 satisfying

Loijki 90kGim () + 6imd(r) = 0.

a8 In R3, this takes the form

1 61m TsTm
@) = g [ o 302 4 G+ 2| =i 6
419 Equivalently, as concisely stated earlier in (4.5) we can write
1 A R T Ao + 3ug Ao + Lo
Gim(r) = = | Abim + By } =l A= TP g AT 6o
im(r) p [0 T BT s = 8mpu( Ao + 240) 8 (Ao + 2p0) (©2

4s0 where A and B are constants defined in terms of Lame parameters. The symmetrized Green operator acting
451 on strain is then

1 82sz
Fijmn(r) = § (T’zmjn(r) + T]m'm(r))a T’imjn(r) :

452 with
limjn(r) = 713 [Adlméjn — 3A5imfjfn — B(éijémn + (5,‘”(5,-,1]‘)
r

+ 3B(8iFmPn + Oinfmii + OmiFifn + Omnfity + Sjnfifm) — 15Bf¢f’mfﬁn] . (64)

453 Note that Fijmn(r) ~ r73, and hence has a singularity of the form r~%in 3D. Consistent with the form

454 in (4.6), we write I, (1) = Lj mg(r) The elastic contrast A L of the two-phase random medium is
r
A L = L — L) = X600+ & (660 + 6a6,1) 6.5)
igkl ijkl ijkl 15Okl K0k 051 05k ) .

455 With

AX= A — Ag, A= p1 — p2.

456 Using (6.5) and (6.3), the nonlocal operator in (4.9)s can then be written in index notation as

&) A Ly (€)p1 (')
|2L' _ x/|3+2n

(AHOHIOC<€>)ij (x) = Apr?# A Lijap P'V‘/ Gabmn (@ da’, (6.6)
(0]
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457 and further substitution gives (dropping the P.V. notation hereafter),

Gaamm(x, '
(Anonloc<€>)ij (w) = Aprgr? <(A )‘)25ij o 7,34_(277 ) <6>kk(X/) da’ (6.7)
gi imm\ L, x’
+2ANAp , AL A T’3JE277 )<e>kk(x') dx’

gaamn (:Ba aj,)

+2A/\Ay,5ij NERT

(€)mn(X') dz’

G2 (4 i) ).

+4(s p)?
4ss Expressions for the fourth-order tensor G and its contractions appearing in the above equation can be obtained
459 from substituting appropriate indices in (6.4). The term in (A )\)2 vanishes as Guqmm = 0. Also, we have
460 Gijmm = (A — B)(6;5 — 377;), and Gagmn = (A — B)(dmn — 37m7y). Substituting these in (6.7) and
461 taking the Fourier transform, we get

(52']' — ?)T‘Z'fj

F [Anonloc(€)];; = A7 (2 AXNApu(A—B)F [M] Fle) k]

Omn — 3TmTn

+2ANA pdi(A— B)F [M} F{€)mn]

(e 0 ((A= B)F | i | A0l + BF | 28] Fltdhmnl - 304 - )7 | 2| Flte

+6BF [THJ FI{€)jm] + 3B F [M} F[{€)mn] + 3BF [T;Ién] FI{€)mm]

P i

(6.8)

462 In (6.8), the Fourier transforms of the strain are multiplied by Fourier transforms of (with a factor of 1/ r3+2")
463 either a constant tensor term, or a term quadratic in 7, or a term quartic in 7 (the last term above). The example
464 in Section ?? (see (5.16) and (5.17)) shows how the Fourier transforms F [T_S_Z”] and F [r_3_27’fifj] can
465 be obtained as a linear combination of the Fourier transforms of the fractional Laplacian of order n and
ae6 second gradient of the negative fractional Laplacian of order —(1 — 7). Using the same analysis, every term,
467 except the last, in (6.8) can be written as some linear combination of Fourier transforms of positive fractional
aes Laplacian (order 1) and second gradient of negative fractional Laplacian (order —(1 — 7)) operating on the
469 strain tensor (or its trace). For the last term, we follow the same strategy as in Section ?? and consider the
470 Green’s function G of the positive fractional Laplacian of order p = 1+ s, where s € (0,1)andn = 1—s

B(d,p) g

G(’”('P):W and  GO®)(k) = |k| 2. 6.9)

a1 Also, GP) is equivalent to the negative fractional Laplacian operator (—A) ™ of order —p. The Fourier
472 transform of the fourth-order partial derivative of G (P) can then be written as the following linear combination
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473 (the exact coefficients are replaced for simplicity with book-keeping coeflicients: a1, az, as)

6%7ijmn(k) = ay F[FiTjTm i 7‘_3_2’1] + 90 FIFi T—3—277] + a9l Fliifm 7"_3_277]
+ a26in F[FPm 17072 + a6 jm F[Fiftn 17272 + ag8im F[Fjfn v 721 + g8 F[Fmfn 122"
+ (a2(57,n(5]m + 5jn(52m) =+ agéwémn) f[r_3_277]
= kikjhmbal k| 7272 = kikjho kR = FIV,V; V50V (= 4) 7]
(6.10)

474 Again the Fourier transforms of the terms quadratic in 7 can be expressed (using the results of Sec-
475 tion 22) as some linear combination of F[(—A)"] and F[VV(—A)~~"]. Hence, the Fourier transform
a76 F[PiT§TmTn 7“_3_277] can be obtained from (6.10) in terms of the following Fourier transforms (after appropri-
477 ate tensor products with the identity tensor): F[(—A)"], F[VV(=A)~0=M], and FIVVVV(—A)~C=)],
478 Which can be denoted as,

F[# i 73721 = f[VVVV(—A)_(Q_”)]ijmn-i-(Lin.Comb. {]—'[(—A)"],]—"[VV(—A)‘“‘”)], }) o
ymn
(6.11)
a79 Here, Lin.Comb.{-} is to be interpreted as the linear combination of the bracketed terms after taking
4g0 appropriate tensor products with the identity tensor.
481 Now using (6.11) in (6.8) and inverting to real space we can write the nonlocal term as

[Anonloc(€)];; =0 A & p <b15ij(_A)n + bQViVj(_A)_(l_n)) (€)kk
+AANA ,LL(SZ']' (bgdmn(—A)n + b4VmVn(—A)—(1—n)) <€>mn + (A ,U)2 <b5(—A)77<6>ij

+ b60ij (—A)"(€)mm + by (Vjvn(—ﬂ)f(lfn)) (€)in + bs (Vivm(—A)f(lfnU (€)jm

+ b9dis (Vi V(= 2)"7) (ehn + 10 (ViV5(=2) 70 (€)

+u1 (ViV, Vi Va(=4)77) (o + (Lin. Comb{VV(-2)=07, (-ay) <e>mn> ,
(6.12)

4s2 where by, ..., b1 are constant coefficients that are introduced for brevity (and can be determined exactly).
483 Equation (6.12) expresses the nonlocal term in terms of fractional Laplacian of order 7, second gradient of
484 negative fractional Laplacian of order —(1 —7), and fourth gradient of negative fractional Laplacian of order
ass —(2n). All the fractional orders are linked directly to the power-law exponent 27 of the covariance function.
g6 Finally, this nonlocal term enters the mean stress expression in (4.10) and gives an effective constitutive law
487 expressed using fractional derivatives for an isotropic linear elastic two-phase random medium.

48 In Appendix B, we characterize the general fractional Laplace operators and show that they can be
g9 formally represented by Green’s function type convolution operators with power-law kernels and by their
490 equivalent Fourier symbols. This shows that any nonlocal convolution integral with a power-law kernel
491 can be represented as a linear combination of positive and negative fractional Laplace operators and its
492 derivatives. Hence, although this section describes results for 3D isotropic elasticity, the analysis can be
493 extended, with tedious algebra, to the general anisotropic elasticity case.

494 7. Concluding remarks

495 In conclusion, this work elucidates the origin of fractional behavior in materials with microstructure by
496 revealing a direct link between the microstructural covariance and the effective fractional order observed in
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macroscopic models. Our analysis shows that when the autocovariance function of the random composite
adheres to a power-law form with a fractional exponent, while satisfying all the necessary constraints on
x(r), the resulting effective static modulus exhibits a distinct fractional dependence on the size of the
material. This finding directly correlates the order of the fractional derivative or integral with the power-law
exponent inherent to the microstructural variability.

Our study is based on information extracted from two-point probability functions, offering a fundamental
yet robust framework for capturing the essential statistical features of the microstructure. This approach
paves the way for explorations in metamaterial design [61, 63—-65], where we can tailor specific micro-
geometries and incorporate detailed statistical descriptors to achieve desired fractional and size-dependent
effects. It must be noted that several definitions and types of fractional derivatives exist in the literature,
which are not all equivalent, and our work uses only a sufficient statistical description of the microstructure
(the autocovariance function) that leads to the emergent fractional Laplacian operator. What is the role or
effect of higher-order statistical descriptors (like the 3-point correlation functions) on the fractional behavior
might be an interesting further question.

Several interesting directions emerge from this work. Future work could potentially build on works on
problems pertaining to defects or inclusions, c.f. [66], homogenization and metamaterials [67-69], archi-
tected and templated materials c.f. [70-72], surface energy-based size-effects [73-76], electro-magneto-
mechanical coupling [77, 78], among others. The existing framework is valid for small-contrast random
media, and an interesting future direction is to extend the framework to the high-contrast case, which can
be applicable, for example, to random media composed of conducting and insulating phases. A major
future direction, which we are working on, is extending the framework to dynamics. An effective fractional
acoustic wave equation was obtained for a 1D random multiscale medium that showed wave attenuation in
a prior work [79]. Within the Willis’ framework, considering materials with differing phase moduli and
phase densities could reveal exotic Willis coupling phenomena c.f. [80, 81]. The current work is based
on the framework limited to the linear case, and a different framework can be developed to incorporate
nonlinearity. We note some interesting progress on the nonlinear analysis of Eshelby’s inclusion problem
(which is foundational for many homogenization schemes) [82, 83]

Such extensions may reveal additional fractional calculus features and novel fractional size effects, thereby
further enriching our understanding of complex material behaviors and expanding the design possibilities
in architecturally engineered materials. The insights gained here open new avenues for tailoring material
responses through microstructural engineering, thereby advancing the engineering of complex, nonlocal
behaviors across a wide range of applications—from thin-film plasticity to seismic attenuation and the
biological sciences.
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Appendix

A. Correlation functions

The n phase random medium is drawn from a sample space P(«) with some probability measure p, and
the specific micro-geometry of any one sample depends on the parameter cv. The micro-geometry of a
particular realization v, can be modeled by the indicator functions Z;(x; «v), where i = 1, ..., n denotes the
phase, and Z;(x; o) = 1 if  lies in phase i, otherwise 0. In general, it is impossible to obtain Z;(x; «) for
all possible realizations « of the random medium, and for any meaningful analysis we need to use certain
"mean" quantities that can be realistically obtained. Here, the mean is the ensemble average taken over
possible realizations .



22

s44  One such mean quantity is the one-point correlation function, also called as one-point probability

s45 function, SY) (x) defined for the phase i as,

59(@) = (Ti(w; ) = /P | Tiwap(da) (AD)

s46 Which gives the probability that phase ¢ is at point . Similarly, we can define a 2-point probability function
547 Séz)(azl, a2), the probability of finding phase ¢ at 1 and x2, given by

S (@1, @) = (Ti(@1; @) Ti(a2; ). )

s A random medium is said to be statistically homogeneous if the probability functions do not depend
s49 on the absolute positions @1, x2, . . ., and instead depend only on the relative distances between the points,
s50 1.€., they are translation invariant, Séi)($1,$2) = éi) (z12), where z19 = |x1 — x2|. For statistically
551 homogeneous two-phase media, the one-point probability functions are constant and equal to the volume
ss2 fraction of the phase, Sy) = ¢;.

ss3  For a two-phase random medium, the two point probability function for phase 1, can be expressed in
ss4+ terms of the probability functions for the phase 2. Specifically, we have,

S (@1, @0) =1 — 87 (@1) — S (w2) + S (1, 22), (A3)

ss5 and this result can be extended to n-point probability functions as well. The probability that phase 1 is at
ss6 1 and phase 2 at x5 can be obtained by writing the 2-point probability function with "dissimilar ends"

557 5512) (a:l, wz),

S8 @y, @2) = (T1 (21 a) To(x2; @)
= (Zi(z1; ) (1 — Iy (m2; 0))) (A4)
= 5{"(x) — S (21, x2)

sss The modulus of the random medium can be expressed using the indicator functions as,

L(:c;a):ZLiIZ-(ac;a), — <L>:ZLZ-S§Z'>($). (AS5)

ss9 A useful relation for an operator I'(x, x') is,

(§L(z; ) (z, 2" )0 L(x; o))

— ((L(x;0) — Lo)(x, 2)(L(2'; 0) — Lo))

= ((L(z; ) (z,x")L(z';)) — (L(z; ) (z,x')Lo) — (Lol (z,2')L(x'; o)) + (Lo (z,2") L)
= ((L(z; ) (z,x2")L(z';0)) — Lol (x,2') Lo — LoI' (z,2')Lo + Lo (z,2") Ly

= ((L(z; ) (z,x2")L(z';)) — (L)(x)(z,z")(L)(x") [Since, Ly = (L)].

(A6)
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se0 Using (A2) and (A5) in the above yields,

(6L(x; )T (z,x')0L(z'; ) = ZL-I‘ z,x' )Ly (x,a') - 3 Lil(z, ') L; S ()5 (x')
'7]’

= ZL (@)L (87 (@,a') - 51" (@)s ("))

(A7)
561 For two-phase statistically homogeneous media, the autocovariance x(7) for phase 1 is defined as,
x(r) =([Ti(z) — ¢][Li(z +7) — ¢1])
= (Li(@)Ti(z +r) — 1 Ta(x) — i Ti(= +7) + 67) A8)

= 55(r) = 261 + ot
— () =S (r) - ¢t

se2 The autocovariance for phase 1 is the same as the autocovariance for phase 2, and this can be shown by
se3 continuing with the above relation as follows

x(r) = S (r) - ¢
=1-5P(x) - 87 (@ +r) + 57 (r) - ¢?
=120+ 57 (r) — (1 - ¢2)?

= x(r) = S5 (r) — ¢t = $¥(r) - ¥}

se+  For an exhaustive treatment of finding the statistical properties of inhomogeneous random media the
ses reader is referred to the book by Torquato [56].

(A9)

ss6 B. Fractional Laplace operators
se7 1. Classical Laplace operators

ses For ease of notation, we consider odd-dimensional space R?, with d > 3 and the standard Laplace equation
se9 for a source term f € Cy (Rd) with compact support (more generally, a tempered distribution):

—Au = f. (B1)
s70 Denote the Green’s function by
wd .
G(m) == W, 1.e., —AG(m) = 5(3:),
s71 and its Fourier transformation by
~ Wd —ik-x ~ ik-x dk
k)= d = k —. B2
Gl = [ e i o G- [ Gt (B2)

s2 Here, the constant wy is the dimension-dependent normalization constant such that the Green’s function
573 satisfies the corresponding Laplace equation. We remark that the two transformation formulas in (B2) are
s74+ formal since the integrals are not well-defined per se. Its precise interpretation is postponed.

575 The solution to (B1) can be written as

u(x) = (-2A)7f(x)= | Gz —y)f(y)dy. (B3)

Rd



576 The Fourier transformation of (B1) implies

0) = Flula)] = FI(-4) @] = T2,

s77 Meanwhile, by (B2)-(B3) and direct Fourier transformation we also have

i) = [ [ Ge—w)fwe*dyde

(1 ik (T — dk' —ik-x
- G(K'e v f(y)e FTdydx
R4 JRd JR4 ( )

~ oy oo dE
— / (k' —k)-x —ik’-y
L, L6 [ Ry ey

- / G(K)O(K' — k) f(y)e™ ™ Yk dy
Rd JRd

= | Gk)f(y)e *Vdy = G(k)f(k).

R4

s7s Comparing (B4) with (B5), we may identify

o L Wd ik g wd
Gk) = i _/Rd e e = )
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(B4)

(BS)

(B6)

s7e From this viewpoint, the improperly defined Fourier transformation of the Green’s function in (B6) can be

sso interpreted as a linear transformation such that for any f e Cf° (]Rd),

FHGW)f(K)] = (-4)" f().

ss1 Indeed, the formal integral definition of G(k) = F[G(x)] in (B6) satisfies that for any f € C5°(R?),

dk
()

FHG(k)f (k)] = G(k)f(k)e““*’”

dk
—zkm —zky ik-x " dud /
/Rd L L i s 2my W

582

o /
/Rd/Rd\a:’]d 2f ) (y + ' — x)dydx

/Rd‘x s W)y
— (~A) ().

sss Moreover, we consider second-order derivatives of u(x

wil@) = [ Gyla—v)rwy - / o =10 (=) W)

se« The Fourier transformation of u ;;(x) is given by

Fluj(@)] = —kik; f(k) = Fl|1z179G) (2)] (k) F (k).

(B7)

(B8)

(B9)
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s85 That is,
Gilk) = Flle| 6 %)) = ~kiky & Fl-kikj) = Gy(a). (B10)
sss Further, we consider p-Laplace equation for some integer p > 0:
(~APu=f

s87 The Green’s function is identified as

w
G(p)( ) = |$|§*2p’ Le., (_A)pG(p) (iL') = 5(%),
sss and its Fourier transformation by
A(p) wf i ») A0 (fp)ikw IR B11)
P _ —ik-x P — i3 ik-x
G (k) /Rd |m‘d_2pe dr < GV (x) y G (k)e )

sso Denote 2p-order derivatives of the Green’s function by

o

() _ 1 —de(P) . . X
G igewigy (T) = mG(p)(w) 2] 7G iy, (%) (X = m)
se0 Analogous to (B10), we conclude that
CFyiy ) = Fllal G, s, () = (~WPhikiy -k, = B12)
Fﬁl[(_l)piﬂhi{m e ]%izp] = Gfﬁ)iQ'”iQp (?13) = ‘Ccrdgi(fi)z...hp ()A()

se1 2. Fractional Laplace operators

se2 For s € (0,1), we interpret the fractional Laplace operators (—A)® and (—A)™ % in terms of fractional
ses convolution with power-law kernels, generalizing the integer-order case. Let u, f € C§° (]Rd) be smooth
se4 functions with all of its derivatives converging to zero at infinity (more precisely, a tempered distribution).
ses For s € (0, 1), the positive and negative fractional Laplace operators are defined as

(—A)*u(x) = C(d, s)P.V. » Wdy,

fy) 19
—A)° = B(d ——=—d
() s(e) = Bds) [ Ly
ses wWhere the principal value and constants C'(d, s) and B(d, s) are defined as
. [ M), u() ~ u(y)
Re |@ — yldt2s =0 Jri\p.(z) @ —y|TT? B14)

1 —cosz -1 CoSs 21 -1
C(d, 3) = (/Rd WdZ) y B(d, 8) = (/Rd ’z‘d_Qst> .

s97 Fractional Laplace operators enjoy some neat properties as the usual Laplacian —A or inverse Laplacian
s08 (—A) ™!, In particular, we have

lim (—A)%u(x) = —Au(x), lim (—A)%u(x) = u(x),

s—1— s—0+



lim (—=A)7*f(z) = A7 f(=), lim (=4)7*f(x) = f().

s—1— s—0+
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seo  We remark that the fractional Laplace operators defined in (B 13) involve nonlocal integral operators with
s00 singular kernels of the form | — y|~?~2* for the positive fractional Laplacian and |z — y|~%*2* for the
eo1 inverse operator. These kernels generalize the classical Green’s function for Laplacian (G (z) o || ~%+2).

so2 Further, we verify that V s € (0, 1),

(=4)7*(=4)%u(z) = u(z),
(=4)°(=4)"f(z) = f(=).

sos To see this, we notice that, upon a change of variablesy -z =y —xory - z =x — vy,

/ u(@) —uly) , / u(@) —u(@+z) / w(z) — u(z — 2)
R Rd Rd

4 |@— y|dt2s |z|d+2s | z|d+2s
so+ Therefore, we can alternatively define positive fractional Laplace operators as

(— Ay u(z) = _C(c;l, s) /Rd u(x + z) ﬂjiz_s z) — 2u(:c)dz‘

sos By Fourier transformation, the above equation implies

C(d,s) Flu(x + z) + u(x — z) — 2u(x)]

Fl(=A)u] = — 9 R |z|d+23 dz
1—cosk-z
= C(d, S) |:/Rd W(ZZ} ./_'.[U]
= [K[** Flu].

eos Similarly, we consider Fourier transformation of (B13), and obtain

B(ds) [ Flf(x+2)+ flx—2)]

Fl(=4)"*f] = 9 R | z|d—2s dz
— B(d, s) [/Rd T;S'dk’_‘;dz Flif)
= [k|7>F[f].

so7 By (B17) and (B18), we have
FI(=2)*(=A)"u] = k|7 F[(~A)*u] = Flu],
sos Which completes the proof of (B15). For s1,s9 > 0,
()7 (=) = (~2) 1y,
609 since

FI(=2)71 (= 2) 7] = [k F(—=2) "] = [k 2612 Flu).

(B15)

(B16)

B17)

(B18)

(B19)



27

s10 Fractional Laplacian operators are self-adjoint and positive definite in the sense that (f := (—A)°u)

/u( A)u—/ (= AY/2q)2 = ds / / [u(@) —uly)l® 0
R4 Re JRd ’93— \d+28

(B20)
—s —5/2 r12 _ B
r= [yt =pas [ LESY e
11 To see this, by Plancherel’s formula we have
u(x) — u(y)
A)udx = C(d, = 2 yd
/ u(—A) ude = S/Rd )/Rd @ — y|dr2s YT
— [ FlF A dde= [ kP B21)
R4 Rd
s 2
:/ ‘af[u}) dk:/ (= 2)%u|?de,
Rd R4
612 and
C(d, ‘Qd dx = C(d, * dd
’ /R /R \w— gl e = Clds /R /R !z!d+25( u(z +2) — u(x) ) dedz
1
—C(d,s) / S / (Fluz +2) — ula)](k)) dhdz
Re | 2| (B22)

—cosk -z 2
—20(d,s /Rd /Rd e (Flul) dzdk

- Q/Rd ke[ (f[u}) dk = 2/Rd (= A)2u2da.

s13  For a general positive fraction p = m + s for some positive integer m and s € (0, 1), the fractional
s14 Laplacian (—A)P can be defined as

(—AYPu = (—A)" 5y = (=A)*(=A)"u = (—A)" (- A)*u. (B23)

s15 From the Fourier relation discussed above, we see that the operator (—A)” is a Fourier multiplier with
s16 symbol |k|?:

FI(=A)ul(k) = |k[*? Flu] (k). (B24)

617 Also, if (—A)Pu = f, the solution u can be formally represented by the Green’s function (a fractional
s18 power-law kernel):

@) = (-2 s@) = B [T (B25)

619 3. Derivatives of Fractional Green’s Functions

620 We now consider the generalization of the classical results in (B10) and (B12) to fractional Laplacians defined
21 by (B23)-(B25). Specifically, we aim to characterize the Fourier symbols of derivatives of the fundamental
622 solution GP) () to the fractional Laplace equation (—A)Pu = f, where p = m + s, s € (0,1),m = |p].
e23 The resulting formulas provide a unified perspective on fractional differentiation as a convolution with
s24 singular power-law kernels in real space or as a polynomial multiplier operator in Fourier space.

s Forp=m+s, s (0,1),m = |p], the Green’s function (so that, (—A)?G®)(z) = §(z)) and the
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s26 corresponding Fourier symbol are given by (B24)-(B25):

. _
:|m(yf’_§2 and G0 (k) = FIGP ()] = |k~

GP) () (B26)

e27 Just as in the integer-order case, we identify the Fourier transformation of the 2m!"-order partial derivatives
e2s Of the Green’s function as:

GO, (k) = FIGY., @) = Flla| ™60, (@) = (=1)"ki- iy, [R7 (B27)
629 Where
(p) N (aa1d—2s (D)
i g (B) = [5G, (),

630 is a smooth tensor-valued function on the unit sphere.

st Summary: Operator-Kernel-Fourier symbol Correspondence (s € (0,1),m € Z>,p = m +
632 S, * — convolution)

Operator |Real Space Operation|Fourier Space multiplier
(=)™ Local differentiation |k| 2m
(=)™ [ +G"M () o || k|~
vIm(-4a)" *|“’|_(dgz‘(:7?i2,€ (;AC) ki - kig,,
s u(x) — u(y 925
—-A _— k
633 (—4) @ [ k|
(-4)~° «GU) (@) oc [z k|~
(=4)y ~ (=A)"(=4)7 k[
(—2)" | +GP(z) o |1 k|~
V2 (—A) P e ~HGE () | (1), R

e3+ Conclusion: The power-law kernels appearing in the fractional Laplacian and its inverse are direct general-
e3s izations of the classical Green’s functions for — A, and their Fourier transforms provide consistent extensions
e36 of the standard multiplier operators |k|£2™ to fractional powers |k|=2P. This formal extension establishes
e37 relations between fractional Laplacians and their derivatives, convolutions with power-law kernels in real
ese space, and polynomial multipliers in Fourier space. While classical derivatives act locally with integer-power
es9 kernels, fractional operators are inherently nonlocal, and their kernels are fractional power-laws. Rigorous
e40 justification can be achieved by calculations similar to (B7)-(B8) and careful interpretation of improper
e41 integrals as in (B13).

e42 [1] G. Failla, M. Zingales, Advanced materials modelling via fractional calculus: challenges and perspectives,
643 Philosophical Transactions of the Royal Society A 378 (2172) (2020) 20200050.

644 [2] D. Craiem, R. L. Armentano, A fractional derivative model to describe arterial viscoelasticity, Biorheology
645 44 (4) (2007) 251-263.

646 [3] R. Magin, Fractional calculus in bioengineering, part 1, Critical Reviews™ in Biomedical Engineering 32 (1)
647 (2004).

e48 [4] R. L. Magin, Fractional calculus models of complex dynamics in biological tissues, Computers & Mathematics
649 with Applications 59 (5) (2010) 1586-1593.

650 [5] J.Guo, Y. Yin, G. Peng, Fractional-order viscoelastic model of musculoskeletal tissues: Correlation with fractals,
651 Proceedings of the Royal Society A 477 (2249) (2021) 20200990.



652 [6]
653 [7]
654
655 [8]
656
657 [9]
658 [10]
659
660 [11]
661
662
663 [12]
664
665
666 [13]
667
668 [14]
669
670
671 [15]
672
673 [16]
674 [17]
675
676 [18]
677
678 [19]
679
680
st [20]
682
683 [21]
684
685
686
687
688 [22]
689
690 [23]
691
692 [24]
693
694 [25]
695
696 [26]
697
698 [27]
699
700
701 [28]
702
708 [29]
704
705 [30]

706

29

P. J. Torvik, R. L. Bagley, On the appearance of the fractional derivative in the behavior of real materials (1984).
Y. Wang, J. Guo, Modified kolsky model for seismic attenuation and dispersion, Journal of Geophysics and
Engineering 1 (3) (2004) 187-196.

V. Pandey, S. Holm, Linking the fractional derivative and the lomnitz creep law to non-newtonian time-varying
viscosity, Physical Review E 94 (3) (2016) 032606.

N. Laskin, Fractional schrédinger equation, Physical Review E 66 (5) (2002) 056108.

P. Paradisi, R. Cesari, F. Mainardi, F. Tampieri, The fractional Fick’s law for non-local transport processes,
Physica A: Statistical Mechanics and its Applications 293 (1-2) (2001) 130-142.

S. Mashayekhi, P. Miles, M. Y. Hussaini, W. S. Oates, Fractional viscoelasticity in fractal and non-fractal media:
Theory, experimental validation, and uncertainty analysis, Journal of the Mechanics and Physics of Solids 111
(2018) 134-156.

S. Mashayekhi, M. Y. Hussaini, W. Oates, A physical interpretation of fractional viscoelasticity based on the
fractal structure of media: Theory and experimental validation, Journal of the Mechanics and Physics of Solids
128 (2019) 137-150.

B. R. Pahari, W. Oates, Renyi entropy and fractional order mechanics for predicting complex mechanics of
materials, in: Behavior and Mechanics of Multifunctional Materials X VI, Vol. 12044, SPIE, 2022, pp. 55-63.
W. Oates, E. Stanisaukis, B. R. Pahari, S. Mashayekhi, Entropy dynamics approach to fractional order mechanics
with applications to elastomers, in: Behavior and mechanics of multifunctional materials XV, Vol. 11589, SPIE,
2021, pp. 23-34.

A. Gemant, Xlv. on fractional differentials, The London, Edinburgh, and Dublin Philosophical Magazine and
Journal of Science 25 (168) (1938) 540-549.

P. Nutting, A new general law of deformation, Journal of the Franklin Institute 191 (5) (1921) 679-685.

T. L. Szabo, Time domain wave equations for lossy media obeying a frequency power law, The Journal of the
Acoustical Society of America 96 (1) (1994) 491-500.

Z. E. A. Fellah, S. Berger, W. Lauriks, C. Depollier, Verification of kramers—kronig relationship in porous
materials having a rigid frame, Journal of sound and vibration 270 (4-5) (2004) 865-885.

E. Stanisauskis, S. Mashayekhi, B. Pahari, M. Mehnert, P. Steinmann, W. Oates, Fractional and fractal order
effects in soft elastomers: Strain rate and temperature dependent nonlinear mechanics, Mechanics of Materials
172 (2022) 104390.

C. A. Monje, Y. Chen, B. M. Vinagre, D. Xue, V. Feliu-Batlle, Fractional-order systems and controls: funda-
mentals and applications, Springer Science & Business Media, 2010.

Y. A. Rossikhin, M. V. Shitikova, Application of fractional calculus for dynamic problems
of solid mechanics: Novel trends and recent results, Applied Mechanics Reviews 63 (1)
(2009) 010801. arXiv:https://asmedigitalcollection.asme.org/appliedmechanicsreviews/
article-pdf/63/1/010801/5442670/010801_1.pdf, doi:10.1115/1.4000563.

URL https://doi.org/10.1115/1.4000563

S. Patnaik, F. Semperlotti, A generalized fractional-order elastodynamic theory for non-local attenuating media,
Proceedings of the Royal Society A 476 (2238) (2020) 20200200.

C. Ionescu, A. Lopes, D. Copot, J. T. Machado, J. H. Bates, The role of fractional calculus in modeling biological
phenomena: A review, Communications in Nonlinear Science and Numerical Simulation 51 (2017) 141-159.
C. Drapaca, S. Sivaloganathan, A fractional model of continuum mechanics, Journal of Elasticity 107 (2) (2012)
105-123.

E. Di Nezza, G. Palatucci, E. Valdinoci, Hitchhiker’s guide to the fractional sobolev spaces, Bulletin des sciences
mathématiques 136 (5) (2012) 521-573.

K. Adolfsson, M. Enelund, P. Olsson, On the fractional order model of viscoelasticity, Mechanics of Time-
dependent materials 9 (2005) 15-34.

H. Solheim, E. Stanisauskis, P. Miles, W. Oates, Fractional viscoelasticity of soft elastomers and auxetic foams,
in: Behavior and Mechanics of Multifunctional Materials and Composites XII, Vol. 10596, SPIE, 2018, pp.
11-20.

E. Kroner, Elasticity theory of materials with long range cohesive forces, International Journal of Solids and
Structures 3 (5) (1967) 731-742.

A. C. Eringen, D. Edelen, On nonlocal elasticity, International journal of engineering science 10 (3) (1972)
233-248.

R. Toupin, Elastic materials with couple-stresses, Archive for rational mechanics and analysis 11 (1) (1962)
385-414.


https://doi.org/10.1115/1.4000563
https://doi.org/10.1115/1.4000563
https://doi.org/10.1115/1.4000563
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanicsreviews/article-pdf/63/1/010801/5442670/010801_1.pdf
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanicsreviews/article-pdf/63/1/010801/5442670/010801_1.pdf
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanicsreviews/article-pdf/63/1/010801/5442670/010801_1.pdf
https://doi.org/10.1115/1.4000563
https://doi.org/10.1115/1.4000563

707 [31]
708 [32]
709
710 [33]
711
712 [34]
713
714 [35]
715
716 [36]
717
718 [37]
719
720 [38]
721
722 [39]
723
724 [40]
725
726
727
728 [41]
729
730 [42]
731
732 [43]
733
734 [44]
735
736 [45]
737
738 [46]
739
740 [47]
741
742 [48]
743
744
745 [49]
746
747 [50]
748
749 [51]
750
751 [52]
752
753 [53]
754
755 [54]
756
757 [55]
758
759
760 [56]

761

30

R. D. Mindlin, Micro-structure in linear elasticity, Archive for rational mechanics and analysis 16 (1964) 51-78.
R. D. Mindlin, Second gradient of strain and surface-tension in linear elasticity, International journal of solids
and structures 1 (4) (1965) 417-438.

R. D. Mindlin, N. Eshel, On first strain-gradient theories in linear elasticity, International Journal of Solids and
Structures 4 (1) (1968) 109-124.

J. Ericksen, C. Truesdell, Exact theory of stress and strain in rods and shells, Archive for Rational Mechanics
and Analysis 1 (1) (1957) 295-323.

W. Ding, S. Patnaik, F. Semperlotti, Multiscale nonlocal elasticity: A distributed order fractional formulation,
International Journal of Mechanical Sciences 226 (2022) 107381.

S. Patnaik, J. P. Hollkamp, F. Semperlotti, Applications of variable-order fractional operators: a review, Pro-
ceedings of the Royal Society A 476 (2234) (2020) 20190498.

C. F. Dahlberg, M. Ortiz, Fractional strain-gradient plasticity, European Journal of Mechanics-A/Solids 75 (2019)
348-354.

M. Ariza, S. Conti, M. Ortiz, Fractional strain gradient plasticity and ductile fracture of metals, European Journal
of Mechanics-A/Solids 104 (2024) 105172.

J. R. Willis, Variational and related methods for the overall properties of composites, Advances in applied
mechanics 21 (1981) 1-78.

J. R. Willis, The overall elastic response of composite materials, Journal of Applied Mechanics 50 (4b) (1983)
1202-1209. arXiv:https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/
50/4b/1202/6362946/1202\_1.pdf, doi:10.1115/1.3167202.

URL https://doi.org/10.1115/1.3167202

J. R. Willis, The nonlocal influence of density variations in a composite, International Journal of Solids and
Structures 21 (7) (1985) 805-817.

R. Luciano, J. Willis, Boundary-layer corrections for stress and strain fields in randomly heterogeneous materials,
Journal of the Mechanics and Physics of Solids 51 (6) (2003) 1075-1088.

R. Luciano, J. Willis, Fe analysis of stress and strain fields in finite random composite bodies, Journal of the
Mechanics and Physics of Solids 53 (7) (2005) 1505-1522.

J. R. Willis, Effective constitutive relations for waves in composites and metamaterials, Proceedings of the Royal
Society A: Mathematical, Physical and Engineering Sciences 467 (2131) (2011) 1865-1879.

J. Willis, From statics of composites to acoustic metamaterials, Philosophical Transactions of the Royal Society
A 377 (2156) (2019) 20190099.

W.J.Drugan, J. R. Willis, A micromechanics-based nonlocal constitutive equation and estimates of representative
volume element size for elastic composites, Journal of the Mechanics and Physics of Solids 44 (4) (1996) 497-524.
G. W. Milton, The theory of composites. 2002, Cambridge Monographs on Applied and Computational Mathe-
matics (2002).

K. Deshmukh, T. Breitzman, K. Dayal, Multiband homogenization of metamaterials in real-space: higher-order
nonlocal models and scattering at external surfaces, Journal of the Mechanics and Physics of Solids 167 (2022)
104992.

A. Mukherjee, M. Jebahi, M. Abatour, S. Forest, Quantitative prediction of size effects using an advanced
micromorphic approach, Mechanics of Materials (2026) 105679.

S. Forest, K. Sab, Cosserat overall modeling of heterogeneous materials, Mechanics research communications
25 (4) (1998) 449-454.

P. Ponte Castaneda, J. R. Willis, On the overall properties of nonlinearly viscous composites, Proceedings of the
Royal Society of London. A. Mathematical and Physical Sciences 416 (1850) (1988) 217-244.

P. P. Castafieda, J. R. Willis, The effect of spatial distribution on the effective behavior of composite materials
and cracked media, Journal of the Mechanics and Physics of Solids 43 (12) (1995) 1919-1951.

M. Camar-Eddine, P. Seppecher, Determination of the closure of the set of elasticity functionals, Archive for
rational mechanics and analysis 170 (3) (2003) 211-245.

M. Camar-Eddine, G. W. Milton, Non-local interactions in the homogenization closure of thermoelectric func-
tionals, Asymptotic Analysis 41 (3-4) (2005) 259-276.

P. Khandagale, L. Liu, P. Sharma, Statistical mechanics of plasticity: Elucidating anomalous size-effects and
emergent fractional nonlocal continuum behavior, Journal of the Mechanics and Physics of Solids 191 (2024)
105747.

S. Torquato, et al., Random heterogeneous materials: microstructure and macroscopic properties, Vol. 16,
Springer, 2002.


https://doi.org/10.1115/1.3167202
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/50/4b/1202/6362946/1202_1.pdf
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/50/4b/1202/6362946/1202_1.pdf
http://arxiv.org/abs/https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/50/4b/1202/6362946/1202_1.pdf
https://doi.org/10.1115/1.3167202
https://doi.org/10.1115/1.3167202

762 [57]
763 [58]
764
765 [59]
766
767 [60]
768
769 [61]
770
771 [62]
772
773 [63]
774
775 [64]
776
777 [65]
778 [66]
779
780 [67]
781
782 [68]
783
784 [69]
785
786 [70]
787
788 [71]
789
790 [72]
791
792 [73]
793
794
795 [74]
796
797
798 [75]
799
800 [76]
801
so2 [77]
803
804 [78]
805
806 [79]
807
sos [80]
809
g0 [81]
811
812
813 [82]
814
815 [83]

816

31

C. L. Yeong, S. Torquato, Reconstructing random media, Physical review E 57 (1) (1998) 495.

F. S. Labini, N. L. Vasilyev, Y. V. Baryshev, Power law correlations in galaxy distribution and finite volume
effects from the sloan digital sky survey data release four, Astronomy & Astrophysics 465 (1) (2007) 23-33.

C. Qin, L. J. Colwell, Power law tails in phylogenetic systems, Proceedings of the National Academy of Sciences
115 (4) (2018) 690-695.

T. Mori, T. E. Smith, W.-T. Hsu, Common power laws for cities and spatial fractal structures, Proceedings of the
National Academy of Sciences 117 (12) (2020) 6469-6475.

D. Chen, S. Torquato, Designing disordered hyperuniform two-phase materials with novel physical properties,
Acta Materialia 142 (2018) 152-161.

J. R. Willis, Variational principles for dynamic problems for inhomogeneous elastic media, Wave Motion 3 (1)
(1981) 1-11.

M. Florescu, S. Torquato, P. J. Steinhardt, Designer disordered materials with large, complete photonic band
gaps, Proceedings of the National Academy of Sciences 106 (49) (2009) 20658-20663.

Y. Wang, Z. Qian, H. Tong, H. Tanaka, Hyperuniform disordered solids with crystal-like stability, Nature
Communications 16 (1) (2025) 1398.

D. Jeulin, Morphological models of random structures, Vol. 447, Springer, 2021.

J. E. Bonavia, S. Chockalingam, T. Cohen, On the nonlinear eshelby inclusion problem and its isomorphic growth
limit, Mathematics and Mechanics of Solids (2025) 10812865251319798.

C. Liu, C. Reina, Variational coarse-graining procedure for dynamic homogenization, Journal of the Mechanics
and Physics of Solids 104 (2017) 187-206.

C. Liu, C. Reina, Broadband locally resonant metamaterials with graded hierarchical architecture, Journal of
Applied Physics 123 (9) (2018).

C. Liu, C. Reina, Dynamic homogenization of resonant elastic metamaterials with space/time modulation,
Computational mechanics 64 (2019) 147-161.

M. Grasinger, K. Dayal, Architected elastomer networks for optimal electromechanical response, Journal of the
Mechanics and Physics of Solids 146 (2021) 104171.

M. Grasinger, Polymer networks which locally rotate to accommodate stresses, torques, and deformation, Journal
of the Mechanics and Physics of Solids 175 (2023) 105289.

A. Alizadeh, P. Sharma, S. Ganti, S. LeBoeuf, L. Tsakalakos, Templated wide band-gap nanostructures, Journal
of applied physics 95 (12) (2004) 8199-8206.

H. Duan, J.-x. Wang, Z. Huang, B. L. Karihaloo, Size-dependent effective elastic constants of solids containing
nano-inhomogeneities with interface stress, Journal of the Mechanics and Physics of Solids 53 (7) (2005)
1574-1596.

J. Wang, H. Duan, Z. Huang, B. L. Karihaloo, A scaling law for properties of nano-structured materials,
Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences 462 (2069) (2006)
1355-1363.

L. He, G. Cheng, Y. Zhu, H. S. Park, Size-dependent strengthening in nanowires: The roles of adatom diffusion
and surface curvature on surface dislocation nucleation, Extreme Mechanics Letters 75 (2025) 102282.

K. Mozaffari, S. Yang, P. Sharma, Surface energy and nanoscale mechanics, in: Handbook of Materials Modeling:
Applications: Current and Emerging Materials, Springer, 2020, pp. 1949-1974.

A. H. Rahmati, R. Jia, K. Tan, X. Zhao, Q. Deng, L. Liu, P. Sharma, Theory of hard magnetic soft materials to
create magnetoelectricity, Journal of the Mechanics and Physics of Solids 171 (2023) 105136.

M. Torbati, K. Mozaffari, L. Liu, P. Sharma, Coupling of mechanical deformation and electromagnetic fields in
biological cells, Reviews of Modern Physics 94 (2) (2022) 025003.

J. Garnier, K. Sglna, Effective fractional acoustic wave equations in one-dimensional random multiscale media,
The Journal of the Acoustical Society of America 127 (1) (2010) 62-72.

H. D. Huynh, X. Zhuang, H. S. Park, S. Nanthakumar, Y. Jin, T. Rabczuk, Maximizing electro-momentum
coupling in generalized 2d willis metamaterials, Extreme Mechanics Letters 61 (2023) 101981.

H. D. Huynh, S. Nanthakumar, H. S. Park, T. Rabczuk, X. Zhuang, The effect of electro-momentum coupling on
unidirectional zero reflection in layered generalized willis metamaterials, Extreme Mechanics Letters 77 (2025)
102318.

A. Golgoon, A. Yavari, Nonlinear elastic inclusions in anisotropic solids, Journal of Elasticity 130 (2) (2018)
239-269.

J. Li, M. Kothari, S. Chockalingam, T. Henzel, Q. Zhang, X. Li, J. Yan, T. Cohen, Nonlinear inclusion theory
with application to the growth and morphogenesis of a confined body, Journal of the Mechanics and Physics of



817

Solids 159 (2022) 104709.

32



	Fractional Calculus based Elasticity obtained from Homogenization
	Abstract
	Introduction:
	Map of the paper

	The microstructure description
	Covariance function: Statistical description of the micro-geometry
	Statistical description of the microstructure moduli

	Homogenization using perturbation theory à la Willis
	The nonlocal effective operator for 3D isotropic elasticity
	Emergent fractional-derivative operators in effective constitutive law for anti-plane elasticity
	Scaling of the nonlocal operator: Revealing the fractional size-effect

	Emergent fractional-derivative operators for 3D isotropic elasticity
	Concluding remarks
	Correlation functions
	Fractional Laplace operators
	Classical Laplace operators
	Fractional Laplace operators
	Derivatives of Fractional Green's Functions

	References


